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Résumé

The law of gravitational attraction is a window on three fatrapproaches to
laws of nature based on Lorentz-invariance : Poincaré'sd@mensional vector
space (1906), Minkowski's matrix calculus and spacetimengetry (1908), and
Sommerfeld's 4-vector algebra (1910). In virtue of a comrappeal to 4-vectors
for the characterization of gravitational attraction,gb¢hree contributions track
the emergence and early development of four-dimensionaigh

Introduction

In July, 1905, Henri Poincaré (1854-1912) proposed two lafiggavitational at-
traction compatible with the principle of relativity and aktronomical observations
explained by Newton's law. Two years later, in the fall of Z98lbert Einstein (1879—
1955) began to investigate the consequences of the prnaijglquivalence for the be-
havior of light rays in a gravitational eld. The followingear, Hermann Minkowski
(1864-1909), Einstein's former mathematics instructorriwed Poincaré's notion
of a four-dimensional vector space for his new matrix calsyin which he expressed
a novel theory of the electrodynamics of moving media, a sfp@e mechanics, and
two laws of gravitational attraction. Following anothermtyear hiatus, Arnold Som-
merfeld (1868—-1951) characterized the relationship betwthe laws proposed by
Poincaré and Minkowski, calling for this purpose both oncgpiane diagrams and a
new 4-vector formalism.

Of these four efforts to capture gravitation in a relaticistamework, Einstein's
has attracted the lion's share of attention, and underataypdo in hindsight, but at
the expense of a full understanding of what is arguably thetreigni cant innova-
tion in contemporary mathematical physics : the four-disi@nal approach to laws
of physics. In virtue of the common appeal made by Poincaiék®vski, and Som-
merfeld to four-dimensional vectors in their studies ofvietional attraction, their
respective contributions track the evolving form of fouménsional physics in the

LPHS-Archives Henri Poincaré (CNRS, UMR 7117) and Uniugrsf Nancy. First published in
Jurgen Renn (ed.The Genesis of General Relativityvols., Volume 3, pp. 193—-252. Berlin : Springer,
2007.
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early days of relativity theory. The objective of this paper is to describe in terms of
theorists' intentions and peer readings the emergenceairadimensional language
for physics, as applied to the geometric and symbolic exwasof gravitational ac-
tion.

The subject of gravitational action at the turn of the twetfticentury is well-
suited for an investigation of this sort. This is not to sagtithe reform of Newton's
law was a burning issue for theorists. While several themigravitation claimed cor-
roboration on a par with that of classical Newtonian theooptemporary theoretical
interest in gravitation as a research topic—including tbeehtz-invariant variety—was
sharply curtailed by the absence of fresh empirical chgherto the inverse-square
law. Rather, in virtue of the stability of the empirical kniesge base, and two cen-
turies of research in celestial mechanics, the physicsavigtion was a well-worked,
stable terrain, familiar to physicists, mathematicians astronomers aliké.

The leading theory of gravitation in 1905 was the one distayby Isaac Newton
over two centuries earlier, based on instantaneous adtediatance. When Poincaré
sought to bring gravitational attraction within the puwief the principle of relativ-
ity, he saw it had to propagate with a velocity no greater ttma of light in empty
space, such that a reformulation of Newton's law as a retbadéon afforded a simple
solution.

Newton's law was the principal model for Poincaré, but it waas the only one.
With the success of Maxwell's theory in explaining electammetic phenomena (in-
cluding the behavior of light) during the latter third of thimeteenth century, theories
of contiguous action gained greater favor with physicists.892, the Dutch theorist
H.-A. Lorentz produced a theory of mobile charged partiaksracting in an immo-
bile ether, that was an habile synthesis of Maxwell's elédiy and Wilhelm Weber's
particle theory of electrodynamics. After the discoventlod electron in 1897, and
Lorentz's elegant explanation of the Zeeman effect, certharged microscopic par-
ticles were understood to be electrons, and electrons ttdirm+blocks of matter’

In this new theoretical context of ether and electrons, htzrelerived the force
on an electron moving in microscopic versions of Maxwellsatric and magnetic
elds. To determine the electromagnetic eld of an electinmotion, Alfred Liénard
and Emil Wiechert derived a formula for a potential propaggatvith nite veloc-
ity. In virtue of these two laws, both of which fell out of a Liaggian from Karl
Schwarzschild, the theory of electrons provided a meanalotitating the force on a
charged particle in motion due to the elds of a second chégaticle in motion?

1. In limiting the scope of this paper to the methods appligdheir authors to the problem of
gravitation, four contributions to four-dimensional plogsare neglected : that of Richard Hargreaves,
based on integral invariants (1908), two 4-vector systemestd Max Abraham (1910) and Gilbert
Newton Lewis (1910a), and Vladimir Vaak's hyperbolic-function based approach (1910).

2. For an overview of research on gravitation from 1850 to5]1$te Roseveare (1982). On early
20th-century investigations of gravitational absorptisee de Andrade Martins (1999). While only
Lorentz-covariant theories are considered in this paperréelative acceptance of the principle of rel-
ativity among theorists is understood as one parameter gis@reral in uencing the development of
four-dimensional physics.

3. Buchwald (1985, 242); Darrigol (2000, 325) ; Buchwald &vlarwick (2001).

4. Lorentz took the force per unit charge on a volume elemémharged matter moving with
velocityv in the electric and magnetic eld$sandhto bef D dC 1@ he, where the brackets indicate

[
a vector product (1904c, 2 :156-7). For a comparison of mldghamic Lagrangians from Maxwell to
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An electron-based analogy to gravitational attraction &itral mass points was
then close at hand. Lorentz's electron theory was held ih bggeem by early twentieth-
century theorists, including both Poincaré and Minkowskip naturally catered to
the most promising research program of the moment. They gagosed two force
laws : one based on retarded action at a distance, the otpealapg directly to con-
tiguous action propagated in a medium. All four particle damere taken up in turn
by Sommerfeld®

Several other writers have discussed Poincaré's and Miskiswvork on gravita-
tion. Of the rst four substantial synoptic reviews of theawheories, none employed
the notation of the original works, although this fact itse ects the rapid evolu-
tion of formal approaches in physics. Early comparisonsevearried out with either
Sommerfeld's 4-vector formalism (Sommerfeld, 1910b; Kebimann, 1914), a rel-
ative coordinate notation (de Sitter, 1911), or a mix of nadly vector algebra and
tensor calculus (Kottler, 1922). No further comparisordsts were published after
1922, excepting one summary (by North, 1965, 49-50), ajh@ince the 1960s, the
work of Poincaré and Minkowski has continued to incite higtal interest® Sommer-
feld's contribution, while it in ected theoretical prace in general, and contemporary
reception of Lorentz-covariant gravitation theory in parkar, has been neglected by
historians.

The present study has three sections, beginning with P@santribution, mov-
ing on in the second section to Minkowski's initial respotsé&oincaré's theory, and
a review of his formalism and laws of gravitation. A third sen is taken up by Som-
merfeld's interpretation of the laws proposed by Poincaet iinkowski. The period
of study is thus bracketed on one end by the discovery of apealativity in 1905,
and on the other end by Sommerfeld's paper. While the lattgkwlid not spell the
end of either 4-vector formalisms or Lorentz-covarianoties of gravitation, it was
the rst four-dimensional vector algebra, and represergsiat of closure for a study
of the emergence of a conceptual framework for four-dimmamediphysics.

1 Henri Poincaré's Lorentz-invariant laws of gravita-
tion

Poincaré's memoir on the dynamics of the electron (1908¥ Einstein's rela-
tivity paper of 1905, contains the fundamental insight & gysical signi cance of
the group of Lorentz transformations, not only for elecymoamics, but for all natural
phenomena. The law of gravitation, to no lesser extent thateaivs of electrodynam-
ics, fell presumably within the purview of Einstein's thgpbut this is not a point that
Einstein, then working full time as a patent examiner in Behose to elaborate upon

Schwarzschild, see Darrigol (2000, App. 9).

5. On the Maxwellian approach to gravitation, see North Bl@®ap. 3), Roseveare (1982, 129—
31), and Norton (1992, 32). The distinction drawn here betwetarded action at a distance and eld
representations re ects that of Lorentz (1904b), for whais tvas largely a matter of convenience. On
nineteenth-century conceptions of the electromagnetit; e Cantor and Hodge (1981).

6. On Poincaré's theory see Cunningham (1914, 173) ; Whitmod/Morduch (1965, 20) ; Harvey
(1965, 452); Cuvaj (1970, App. 5); Schwartz (1972); Zah&8d, 192); Torretti (1996, 132). On
Minkowski's theory see Weinstein (1914, 61) ; Pyenson (188 ; Corry (1997, 287).
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immediately. Poincaré, on the other hand, as Professor dfievizatical Astronomy
and Celestial Mechanics at the Sorbonne, could hardly e¢ke question of grav-
itation. In particular, his address to the scienti ¢ corggeat the St. Louis World's
Fair, on 24 September, 1904, had pinpointed Laplace's tzloun of the propagation
velocity of gravitation as a potential spoiler for the piple of relativity.’

There may have been another reason for Poincaré to inviestigelativistic theory
of gravitation. In the course of his study of Lorentz's cauatile electron, Poincaré
noted that the required relations between electromageetigy and momentum were
not satis ed in general. Raised earlier by Max Abraham, trebfem was considered
by Lorentz to be a fundamental one for his electron théory.

Solving the stability problem of Lorentz's contractile eflen was a trivial matter
for Poincaré, as it meant transposing to electron theoryeaiapsolution to a gen-
eral problem he had treated earlier at some length : to ndetiglibrium form of a
rotating uid mass? He postulated a non-electromagnetic, Lorentz-invarianpple-
mentary” potential that exerts a binding (negative) pressuoside the electron, and
reduces the total energy of the electron in an amount prigoaitto the volume de-
crease resulting from Lorentz contraction. When combingh the electromagnetic
eld Lagrangian, this binding potential yields a total Lagigian invariant with respect
to the Lorentz group, as Poincaré required.

In accordance with the electromagnetic world-picture dedrésults of Kaufman-
n's experiments, Poincaré supposed the inertia of mattiee texclusively of electro-
magnetic origin, and he set out, as he wrote in 86 of his paper,

to determine the total energy due to electron motion, theesponding
action, and the quantity of electromagnetic momentum, deoto calcu-
late the electromagnetic masses of the electron.

Non-electromagnetic mass does not gure in this analysisi eonsequently, one
would not expect the non-electromagnetic binding potétdi@ontribute to the ten-
sorial electromagnetic mass of the electron, althoughd2oéndid not state this in so

7. Laplace estimated the propagation velocity of grawtatio be 1P times that of light, and
Poincaré noted that such a signal velocity would allow iaédbservers to detect their motion with
respect to the ether (1904, 312).

8. Poincaré (1906, 153-154); Miller (1973, 230-233). Reitg Abraham's account (1905, 205),
the problem may be presented in outline as follows (usingimddotation and units). Consider a
deformable massless sphere of radiasd uniformly distributed surface charge, and assumetiisaitt
a good model of the electron. The longitudinal masf this sphere may be de ned as the quotient of
external force and acceleration; D djGj=djvj, whereG is the electromagnetic momentum resulting
from fhe electron’s self- elds, andis electron velocity. De ning the electromagnetic momentio be
GD E BdV,whereE andB denote the electric and magnetic self- elds, ahds for volume, we let

¢ D 1, and nd the longitudinal mass for small velocities to ilmg D % 1 v ¥ Longitudinal

electron mass may also be de ned in terms of the electrontaggrgergy W of the electron's self- elds,
assuming quasistationary motiom; D ﬁ% whereW D % 1 v e zfza 1 v
Thisleads, however, to an expregsion for longitudinal ntaisrent from the previous onem; D

% 1 v ¥Pc % 1 v " . From the difference in these two expressions for longitabi

mass, Abraham concluded that the Lorentz electron reqthieegostulation of a non-electromagnetic
force and was thereby not compatible with a purely electgmetic foundation of physics.

9. See Poincaré (1885, 1902a,b). In the limit of null anguédocity, gravitational attraction can be
replaced by electrostatic repulsion, with a sign reverséié pressure gradient.
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many words. Instead, immediately after obtaining an exgio@sfor the binding po-
tential, he derived the small-velocity, “experimental” $ssdrom the electromagnetic
eld Lagrangian alone, neglecting a contribution from theding potential. The mass
of the slowly-moving Lorentz electron was then equal to tleeteostatic mass, just as
one would want for an electromagnetic foundation of meatwanthis fortuitous re-
sult, which revised Lorentz's electron mass value downvegrd quarter, was obtained
independently by Einstein, using a method that did not cairselectron structuré?
Although the question of electron mass was far from resglf&incaré had shown
that the stability problem represented no fundamentaketesto the pursuit of a new
mechanics based on the concept of a contractile electron.

With this obstacle out of the way, Poincaré proceeded agifatvs of mechanics
were applicable to the experimental mass of the electtoNoting that the nega-
tive pressure deriving from his binding potential is prdpmral to the fourth power
of mass, and furthermore, that Newtonian attraction idfifge@portional to mass,
Poincaré conjectured that

there is some relation between the cause giving rise totgtaom and that
giving rise to the supplementary potential.

On the basis of a formal relation between experimental madgte binding poten-
tial, in other words, Poincaré predicted the uni cation @ hegative internal elec-
tron pressure with the gravitational force, in a future tyeencompassing all three
forces1?

On this hopeful note, Poincaré began his memoir's ninth ara section, entitled
“Hypotheses concerning gravitation.” Lorentz's theorgjriRaré explained, promised
to account for the observed relativity of motion :

In this way Lorentz's theory would fully explain the impolsgity of de-
tecting absolute motion, if all forces were of electromagnerigin.**

The hypothesis of an electromagnetic origin of gravitadidorce had been advanced
by Lorentz at the turn of the century. On the assumption tieafdrce between “ion-
s” (later “electrons”) of unlike sign was of greater magdiuat a given separation
than that between ions of like sign (following Mossotti'specture), Lorentz repre-
sented gravitational attraction as a eld-theoretical pir@enon analogous to elec-
tromagnetism, reducing to the Newtonian law for bodies st véth respect to the
ether. Lorentz's theory tacitly assumed negative energgitiefor the “gravitational”

10. Einstein (1905, 917). Poincaré also neglected the n@atsiloution of the binding potential in
his 1906—-1907 Sorbonne lectures, according to studens r{B@incaré, 1953, 233). For reviews of
Poincaré's derivation of the binding potential, see Cu&70, App. 11) and Miller (1973). On post-
Minkowskian interpretations of the binding potential talsnown as Poincaré pressure), see Cuvaj
(1970, 203), Miller (1981, 382, n. 29), and Yaghjian (1992).

11. In this paper Poincaré made no distinction betweenigtamnd gravitational mass.

12. As Cuvaj points out (1968, 1112), Poincaré may have fauspration for this conjecture in Paul
Langevin's remark that gravitation stabilized the elentagainst Coulomb repulsion. Unlike Langevin,
Poincaré anticipated a uni ed theory of gravitation ancc&lens, in the spirit of theories pursued later
by Gustav Mie, Gunnar Nordstrdm, David Hilbert, Hans Reéssiermann Weyl and Einstein ; for an
overview see Vizgin (1994).

13. “Ainsi la théorie de Lorentz expliquerait completemi&ntpossibilité de mettre en évidence le
mouvement absolu, si toutes les forces étaient d'origieetédmagnétique” (1906, 166).
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eld, and a gravitational ether of huge intrinsic positiveeegy density, two well-
known sticking-points for Maxwell. Another dif culty stemed from the dependence
of gravitational force on absolute velocitiés.

Neither Lorentz's gravitation theory nor Maxwell's stickj-points were mentioned
by Poincaré in the ninth section of his memaoir. Instead, balted a well-known em-
pirical fact : two bodies that generate identical electrgn&dic elds need not exert
the same attraction on electrically neutral masses. Aihdiorentz's theory clearly
accounts for this fact, Poincaré concluded that the griageital eld was distinct from
the electromagnetic eld. What this tells us is that Poisattention was not focused
on Lorentz's theory of gravitatiof®

To Poincaré's way of thinking, it was the impossibility of alectromagnetic re-
duction of gravitation that had driven Lorentz to suppose &l forces transform like
electromagnetic ones :

The gravitational eld is therefore distinct from the elemhagnetic eld.
Lorentz was obliged thereby to extend his hypothesis wighagsumption
that forces of any origin whatsoever, and gravitation in partany are
affected by a translatiofor, if one prefers, by the Lorentz transformation)
in the same manner as electromagnetic forées

It was the cogency of the latter hypothesis that Poincaré@sieto examine in de-
tail, with respect to gravitational attraction. The sitoatwas analogous to the one
Poincaré had encountered in the case of electron energy angentum mentioned
above, where he had considered constraining internal Joo€ghe electron to be
Lorentz-invariant. Such a constraint solved the problermaédiately, but Poincaré
recognized that it was inadmissible nonetheless, becawselated Maxwell's the-
ory (p. 136). A similar violation in the realm of mechanicautmbnot be ruled out in
the case of gravitation, such that a careful analysis of tmeissibility of the formal
requirement of Lorentz-invariance was called for.

Poincaré set out to determine a general expression forwheflgravitation in ac-
cordance with the principle of relativity. A relativistiaw of gravitation, he reasoned,

14. See Lorentz (1900); Havas (1979, 83); Torretti (1998)13n Lorentz's precursors see Whit-
taker (1951-1953, 2 :149) and Zenneck (1903). Lorentzsrhef gravitation failed to convince Oliver
Heaviside, who had carefully weighed the analogy from etesagnetism to gravitation (1893). In a
letter to Lorentz, Heaviside called into question the tlsaglectromagnetic nature, by characterizing
Lorentz's gravitational force as “action at a distance obalule kind” (18 July, 1901, Lorentz Papers,
Rijksarchief in Noord-Holland te Haarlem). Aware of theskcdlties, Lorentz eventually discarded
his theory, citing its incompatibility with the principld eelativity (1914, 32).

15. In his 1906-1907 Sorbonne lectures (1953), Poincactisked a different theory (based on an
idea due to Le Sage) that Lorentz had proposed in the same, pafi®ut mentioning the Mossotti-
style theory. His rst discussion of the latter theory wa4d 808, when he considered it to be an authentic
relativistic theory, and one in which the force of gravibativas of electromagnetic origin (1908, 399).

16. Poincaré (1906, 166). Poincaré's account of Lorengzsoning should be taken with a grain of
salt, as Lorentz made no mention of his theory of gravitatiothe 1904 publication referred to by
Poincaré, “Electromagnetic phenomena in a system movitly aviy velocity less than that of light.”
While the electron theory developed in the latter paper didaudress the question of the origin of
the gravitational force, it admitted the possibility of alvetion to electromagnetism (such as that
of his own theory) by means of the additional hypothesisrreteto in the quotation : all forces of
interaction transformed in the same way as electric foneemielectrostatic system (Lorentz, 1904a,
§ 8). The contraction hypothesis formerly invoked to acd¢don the null result of the Michelson-
Morley experiments, Lorentz added, was subsumed by the ppathesis.
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must obey two constraints distinguishing it from the Neviaoraw. First of all, the
new force law could no longer depend solely on the masseseofwh gravitating
bodies and the distance between them. The force had to depeheir velocities, as
well. Furthermore, gravitational action could no longercoasidered instantaneous,
but had to propagate with some nite velocity, so that theéacting on the passive
mass would depend on the position and velocity of the actigesvat some earlier
instant in time. A gravitational propagation velocity giexathan the speed of light,
Poincaré observed, would be “dif cult to understand,” besa attraction would then
be a function of a position in space not yet occupied by theeaatass (p. 167).

These were not the only conditions Poincaré wanted to galisie new law of
gravitation had also (1) to behave in the same way as eleagypetic forces under a
Lorentz transformation, (2) to reduce to Newton's law in tlase of relative rest of the
two bodies, and (3) to come as close as possible to Newtom'sl#he case of small
velocities. Posed in this way, Poincaré noted, the prob&amains indeterminate, save
in the case of null relative velocity, where the propagatielocity of gravitation does
not enter into consideration. Poincaré reasoned that ifbadies have a common
rectilinear velocity, then the force on the passive masstiegonal to an ellipsoid, at
the center of which lies the active mass.

Undeterred by the indeterminacy of the question in gen&uailncaré set about
identifying quantities invariant with respect to the Lotzmgroup, from which he
wanted to construct a law of gravitation satisfying the ¢@ists just mentioned. To
assist in the identi cation and interpretation of theseainants, Poincaré referred to a
space of four dimensions. “Let us regard,” he wrote,

X; y: z; tp 1
p__
1X; 1Y; 1Z; it L

as the coordinates of 3 poinis, P% P % in space of 4 dimensions. We
see that the Lorentz transformation is merely a rotatiohisigpace about
the origin, regarded as xed. Consequently, we will have msiinict in-
variants apart from the 6 distances between the 3 pBinR° P % con-
sidered separately and with the origin, or, if one prefepsytfrom the 2
expressions :

x2Cy?Cz* t? X XxCyyCzz tt;

or the 4 expressions of like form deduced by arbitrary peatmon of the
3 pointsP, P? p 0017

17. “Regardons, vy, z, 71, x, Yy, Z, tp 1, 1X, 1y, 1Z, 1tp - 1, comme les coordonnées
de 3 pointsP, P2 P%dans l'espace a 4 dimensions. Nous voyons que la transfiommae Lorentz
n'est qu'une rotation de cet espace autour de l'originearége comme xe. Nous n'aurons donc pas
d'autres invariants distincts que les six distances dés pointsP, P% P ®entre eux et a l'origine,
ou, si I'on aime mieux, que les 2 expressiong:.Cy2C z> t>,x xCyyCzz tt,oules4
expressions de méme forme qu'on en déduit en permutant dhaméere quelconque les 3 poiRs
PO P% (1906, 168-9).
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Here Poincaré formed three quadruplets representing tiegatitial displacement of
two point masses, with respect to a certain four-dimens$ior space, later called
a pseudo-Euclidean spaé&By introducing such a 4-space, Poincaré simpli ed the
task of identifying quantities invariant with respect tethorentz transformations,
the line interval of the new space being formally identicathat of a Euclidean 4-
space. He treated his three poiftsP ° andP “as 4-vectors, the scalar products of
which are invariant, just as in Euclidean space. In fact@aié did not employ vector
terminology or notation in his study of gravitation, but pigied formal de nitions of
certain objects later called 4-vectors.

Poincaré’s habit, and that of the overwhelming majority isffrench colleagues
in mathematical physics well into the 1920s, was to expredisary vector quantities
in Cartesian coordinate notation, and to forgo notatiohartsuts when differentiat-
ing, writing these operations out in fulP. Although he did not exclude symbols such
ase or from his scienti ¢ papers and lectures, he employed thersipaniously?°
In line with this practice, Poincaré did little to promotect@ methods from his chair
at the Sorbonne. In twenty volumes of lectures on mathealgtitysics and celes-
tial mechanics, there is not a single propadeutic on quiaiesror vector algebra!
Poincaré deplored the “long calculations rendered obdoyiretational complexity”
in W. Voigt's molecular theory of light, and seems to haverbeéthe opinion that in
general, new notation only burdened the reader.

The point of forming quadruplets was to obtain a set of Larenvariants corre-
sponding to the ten variables entering into the right-hadd ef the new force law,
representing the squared distance in space and time of théddies and their ve-
locities (, , , 1, 1, 1). How did Poincaré obtain his invariants ? According to
the method cited above, six invariants were to be found frioendistances between

18. Poincaré's three poin3; P% P ®may be interpreted in modern terminology as follows. Let
the spacetime coordinates of the passive mass poirt I .Xo;Yo; Zo; to/, with ordinary velocity

D . x=1t; y=1t; z=t/, such that at timéy C t it occupies the spacetime poiA® D .xo C

X;¥oC Vy;20C z;t9C t/. Likewise for the active mass poi8,D .xoC X;yoCy;2zC z;t, C t/,
with ordinary velocity 1 D . 1x= 1t; 1y=1t; 1z= 1t/, such thatattim& C t C 1t, it occupies the
spacetime poinB®D .xo C x C 1X;yoCy C 1y;z0C zC 1z;tg CtC 1t/. Poincaré's three
quadruplets may now be expressed as position 4-vecRi®@ B A,P°D B® B,P%D A® A,

19. While the rst German textbook on electromagnetism tgpkay vector notation systematically
dates from 1894 (Foppl, 1894), the rst comparable textbookrench was published two decades
later by Jean-Baptiste Pomey (1861-1943), instructoredrétical electricity at th&cole supérieure
des Postes et TélégraphesParis (Pomey, 1914-1931, vol. 1).

20. The Laplacian was expressed generally 3D @=@° C @=@? C @=@?, but by Poincaré
ase . The d'Alembertian, @=@°C @=@°C @=@*> @=@, became in Poincaré's notation :

« d?=dt2. Poincaré employed in his lectures on electricity and optics (1901, 456), and wa
the rstto employ it in a relativistic context.

21. Poincaré's manuscript lecture notes for celestial rapids, however, show that he saw t to
introduce the quaternionic method to his students (undadésbook on quaternions and celestial me-
chanics, 32 pp., private collection, Paris ; hpcd76, 78 Hi8ri Poincaré Archives, Nancy).

22. Manuscript report of the Ph.D. thesis submitted by Héwuasse, 13 December, 1892,
AJ'65535 Archives nationales, Paris. From Poincaré's consergdiabits regarding formalism, he
appears as an unlikely candidate at best for the developsharibur-dimensional calculus circa 1905
cf. H. M. Schwartz's counterfactual conjecture : if Poirc&ad adopted the ordinary vector calculus
by the time he wrote hiRendicontpaper, “he would have in all likelihood introduced expligit. . the
convenient four-dimensional vector calculus” (1972, 128xte 7).



S. Walter 9

P, P% P% and the origin, or from the scalar productshf P% andP % These six
intermediate invariants were then to be combined to obtamdgeneous invariants
depending on the duration of propagation of gravitatiotiba and the velocities of
the two point masses. Poincaré skipped over the interneediap and produced the
following four invariants, in terms of squared distancestaince and velocity (twice),
and the velocity product :

P tP tP 1P
2 2. X | X1, 1 :
x2 1% p—P— g—p— &—= = (1
2 F | P
1 1 21 2 1 2

The Lorentz-invariance and geometric signi cance of thggantities are readily ver-
i ed. 28 These four invariants (1), the latter three of which wereelabA, B, andC,
formed the core of Poincaré’'s constructive approach to aaedf gravitation. (For
convenience, | refer to Poincaré's four invariants [1] as"kinematic” invariants.)

Inspection of the signs of these invariants reveals an sistancy, the reason for
which is apparent once the intermediate calculations haee performed. Instead of
constructing his four invariants out of scalar productdpParé introduced an inver-
sion forA, B, andC.?* This sign inconsistency had no consequence on his search for
a relativistic law of gravitation, although it affected hisal result, and perplexed at
least one of his readers, as | will show in section 3.

What Poincaré needed next for his force law was a Lorentzrant expression
for the force itself. Up to this point, he had neither a vetpe-vector nor a force
4-vector de nition on hand. Presumably, the search for btwaénvariant expressions
of force led him to de ne these 4-vectors. Earlier in his ménjo. 135), Poincaré had
determined the Lorentz transformations of force densiynow he was interested in
the Lorentz transformations of force at a point. The tramsfdions of force density :

X°Dk.XC"T/; Y°DY: z°Dz;: T°DKk.T C"XI; (2)
wherek is the Lorentz factork D 1=p 1 "2, and" designates frame velocity, led
Poincaré to de ne a fourth compgnent of force densityas the product of the force
density vector with velocity] D X .25|3-|e gave the same de nition for the tem-
poral component of force at a poinT; D X; .2° Next, dividing force density by
force at a point, Poincaré obtained the charge densi@stensibly from the transfor-

P P
23. The invariants (1) may be expressed in ordinary v&ctt&tm, letting x D X, D v,
1 D v1, and for conveniencg&, D 1= 1 2kiD1= 1 f,such that the four quantities

(1) read as follows x®>  t?, k.t xv/, k.t xvi/,kki.1  wvq/.

24. Poincaré's four kinematic invariants (1) are functiefighe following six intermediate invari-
ants:taD x2Cy?Cz?> t>bDxxCyyCzz tt,cDx1xCy1yCziz tt,
dD x 1xC y1yC z1z tit,eD x2C y2C z? t2,f D 1x?C 1y2C 7> 1t2
p terms of the latter sixdnﬁriants, theﬁoi kinematicairianta @F{T‘Iﬂ be expressed as follows :

x2 t?DaAD b= eBD c= f,andCD d=." e f/.Fora slightly different
reconstruction of Poincaré's kinematic invariants, selkaf§1989, 193).

25. This de nition was remarked by Pauli (1921, 637). p

26. The same subscript denotes thece acting on thegpassivemass, Xi, and thevelocityof the
activemass, 1.
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mation for charge density, Poincaré singled out the Lorenariant factor 2’

1 t
—D —D —:
0~ k.1C "/ t0 ®)
The components of a 4-velocity vector followed from the mimg de nitions of
position and force density :

The Lorentz transformation . .. will act in the same way on, ,lason
X, Y, z, t,withthe difference that these expressions will be muébl
moreover by theamefactor t= t°D 1=k.1C "/ .%®

Concerning the latter de nition, Poincaré observed a fdramalogy between the force
and force density 4-vectors, on one hand, and the positidrvalocity 4-vectors, on
the other hand : these pairs of vectors transform in the saaye except that one
member is multiplied byl=k.1 C "/ . While this analogy may seem mathematically
transparent, it merits notice, as it appears to have eludect&é at rst.

With these four kinematic 4-vectors in hatad, Poincaré dd mefth quadruplet
Q with components of force densityX;Y;Z; T 1/. Just as in the previous case,
the scalar products of his four quadruplBtsP ® P °? andQ were to deliver four new
Lorentz-invariants in terms of the force acting on the passiass X1;Y,;Z 1/ :2°

., P P P
XlD Tl ] - X]_Xn Tlt X1 1 T, ) XlD T1 . (4)
1 T 2 7 M 1—"—2 ’ p 1 E 2‘-1 1—P—2, 1 T 2

The fourth invariant in (4) was always null by de nition df;, leaving only three
invariants, denote! , N, andP. (In order to distinguish these invariants from the
kinematic invariants, | will refer to [4] as Poincaré's “f#” invariants.)

Comparing the signs of the kinematic invariants (1) withsehof the force invari-
ants (4), we see that Poincaré obtained consistent siggdarthe latter invariants.
He must not have computed his force invariants in the sameawdys kinematic in-
variants, for reasons that remain obscure. It is not egturelikely that in the course
of his analysis of the transformations of velocity and foféeincaré realized that he
could compute the force invariants directly from the scptaducts of four 4-vectors.
Two facts, however, argue against this reading. In the Iate, Poincaré did not men-
tion that his force invariants were the scalar products @itpm, velocity and force
4-vectors. Secondly, he did not alter the signs of his kirteriavariants to make
them correspond to scalar products of position and veldeitgctors3® The fact that

27. The ratio= Cis equal to the Lorentz factor, since in Poincaré's con dima," D . Some
writers hastily attribute a 4-current vector to Poincané,form. , , ,i/ beingimplied by Poincaré's
4-vector de nitions of force density and velocity.

28. “La transformation de Lorentz ... agira sur , , 1 de la méme maniére que sut, y, z,

t, avec cette différence que ces expressions seront en oultipliées par lemémefacteur t= t°D
1=k.1C "/ " (1906, 169).

29. The invariarp_;s (4) may be expressed in ordinary vectoatiom, recalling the de nitions of
note 23, and letting X1 D fi,andTy D fiv:k?f3.1 v?/, kfi.x vt/ kkifi.va v/, k?fiv o v,
The fourth invariant is obviously null in this form.

30. Poincaré's force invariants (4) are functions of thdofeing six intermediate invariantsm D
k.X]_ xCY; yCZ]_ z Ty t/,n D k.Xl 1XCY; 1yczl 12z T1 1'[/,OD k.Xj_XCYlyCZlZ
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Poincaré's kinematic invariants differ from products gbdsition and 4-velocity vec-
tors leads us to believe that when forming these invariamtgdsnotthinking in terms
of 4-vectors3!

From this point on, Poincaré worked exclusively with arittf combinations of
three force invariantsM , N, P) and four kinematic invariants ( x?> t?, A, B,
C) in order to come up with a relativistic law of gravitationethad no further use,
in particular, for the four quadruplets he had identi ed Iretprocess of constructing
these same invariants (corresponding to modern 4-pos#tigalocity, 4-force-density
and 4-force vectors), although in the end he expressedssdagravitation in terms
of 4-force components.

To nd a law applicable to the general case of two bodies iratreé motion,
Poincaré introduced constraints and approximations dedi¢p reduce the complex-
ity of his seven invariants and recover the form of the Newaonaw in the limit of
slow motion. ; 1/. Poincaré naturally looked rst to the velocity of propaga-
tion of gravitation. He brie y considered an emission thgearhere the velocity of
gravitation depends on the velocity of the source. Althotilghemission hypothesis
was compatible with his invariants, Poincaré rejected dpison because it violated
his initial injunction barring a hyperlight velocity of griational propagatiors? That
left him with a propagation velocity of gravitation less thar equal to that of light,
andto sintpMs invariants Poincaré set it equal to tHaight in empty space, such
thatt D X2 D r.This stipulation reduced the total number of invarianbsrfr
seven to Six.

With the propagation velocity of gravitation decided, Rairé proceeded to con-
struct a force law for point masses. He tried two approadhesrst of which is the
most general. The basic idea of both approaches is to ndgleas in the square of
velocity occurring in the invariants, and to compare theliteésy approximations with
their Newtonian counterparts. In the Newtonian schemecdloedinates of the active
mass point differ from those in the relativistic scheme (ajte 18); Poincaré took
the former to bexg C X1;y0 C y1; 29 C z;/ at the instant of timé,, where the sub-
script O corresponds to the position of the passive mass,@oid the coordinates with

Tit/,p D k2.X2CY2CZ2 T2/,qD x?>C y?C z> t?,andsD 1x?C 1y?C 17> it%
Let the four force invariants (4) be denotedMy, N, P, andS, thenM D p,N D o,P D n= " s,
andS D m=" "q.

The same force invariants (4) are easily calculated usingdlers. Recalling the c&gn_itions in
notes 23and 29, & D .x;it/,U D k.v;i/,U; D ky.vq;i/,andF; D k.fq;ifyv/,where 1Dii.
Thenthe force invariants (4) may be expressed as scalangioof 4-vectorsM D F1F1,N D F;1R,

P D FiU;,andS D FiU.

31. The kinematic invariants (1) obtained by Poincaré diffem those obtained from the products
of 4-position and 4-velocity, contrary to Zahar's accouri§9, 194). Recalling the 4-vectd®s U, U
from note 30, we form the product®R , RU, RU;, andU U;. In Poincaré's notation, the latter four
products are expressed as follows :

P P P
. 1 1

g

X
- o
— ¢

y
P

2’ ’
1 1 2 1 2 1 f

These invariants differ from those of Poincaré (1) only by $ign ofA, B, andC, as noted by Som-
merfeld (1910b, 686).
32. An emission theory was proposed a few years later by YRlte ; see Ritz (1908).
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subscript 1 are found by assuming uniform motion of the seurc
P
xDx; ir;yDy; ir;zDzg ir;rDrg X 1: (5)

In the rst approach, Poincaré made use of both the kinenaatitforce invariants.
Substituting the values (5) into the kinematic invariaht$8 , andC from (1) and the
force invariantdM , N, andP from (4), neglecting terms in the square of velocity,
Poincaré obtained their sought-after Newtonian countErplaepIaiging the force vec-
tor occurring in the transformed force invariants by Nevgadaw X1D 1=r2,
and rearranging, Poincaré obtained three quantities mstef distance and veloc-
ity. 3 He then re-expressed these quantities in terms of two ofrigal kinematic
invariants A andB, and equated the three resulting kinematic invariantse¢o tor-
responding original force invariants (4). He now had theisol in hand ; three ex-
pressions relate his force invariants (containing thedaector X,) to two of his
kinematic invariants :

1 CA A B
M D — N D PD :

B4 , E; B3 (6)
He noted that complementary terms could be entertainechéothree relations (6),
provided that they were certain functions of his kinematnariantsA, B, andC.
Then without warning, he cut short his demonstration, r&mgrthat the gravitational
force components would take on imaginary values :

The solution (6) appears at rst to be the simplest, nonesglit may not
be adopted. In fact, sindd , N , P are functions oK 4, Y1,Z,, andT,; D

t X1 , the values oK, Y1, Z; can be drawn from these three equations
(6), but in certain cases these values would become imagiar

The quoted remark seems to suggest that for selected vdltles marticle velocities,
the force turns out to be imaginary. However, the real diftgsprings from the equa-
tion M D 1=B*4, which allows for a repulsive force. The general approadedao
deliver.®

The fact that Poincaré published the preceding derivatiag be understood in
one of two ways. On the one hand, there is a psychologicabeagtibn : Poincaré's
habit, much deplored by his peers, was to present his ndingie or less in the order
in which he found them. The case at hand may be no different the others. On the
other hand, Poincaré may have felt it worthwhile to show thatgeneral approach
breaks down. From the latter point of view, Poincaré's reisuh positive one.

33. Using (5), Poincaré found the transformed force inwﬂsiﬁi:rf, 1=r; P X1. 1/:r12, and
X1. 1/=rf.
34. “Au premier abord, la solution (6) parait la plus simgie ne peut néanmoins étre adoptée ; en
effet, commeM , N, P sont des fonctions d¥1, Y;,Z 1, etdeT; D T X3 , on peut tirer de ces trois
équations (6) les valeurs &g, Y1, Z ; ; mais dans certains cas ces valeurs deviendraient imaggiai
(1906, 172).

35. ReplacingA andB in (6) by their de nitions results in the three equationsl: D szf.l
v?/ D 1=k*.r C xvi/*, N D fi.xCvr/ D .r C xv/=@.r C xvi1/?s, P D kkif;.vy v/ D
@r Cxv/ Ki.r Cxvi/s=@.r C xvi/3« EquationdN andP imply an attractive force for all values
of v andvy, whileM leads to the ambiguously-signed solutida D 1=@.r C xv1/2=. Presumably,
the super uous plus sign in (6) is an indication of Poincangeoccupation with obtaining a force of
correct sign.

P
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For his second attack on the law of gravitation, Poincarétatba less general
approach. He knew where his rst approach had become utdaijt@nd consequently,
leaving aside his three force invariants, he fell back onfie of his basic force 4-
vector, which he now wrote in terms of hia kinematic invatgne-expressed in terms

ofr D t,kD 1= 1 2 andk; D 1= 1 2.3 He assumed the gravitational
force on the passive mass (moving with velocity, ) to be a function of the distance
separating the two mass points, the velocity of the passassmoint, and the velocity
of the source, with the form :

Ky Ky
Xi:Dx—C C 1—; Z,Dz—C C 1—;
ko ko k0 k0
K, K (7)
Yr:Dy—C C ;—; 7.D r—C C—;
1 yko 1k0 1 Ko Ko
where , ,and denote functions of the kinematic invariarisBy de nition, the

component; is tll'ge scalar product of the ordinary force and the velodithe passive
mass pointT; D X; , such that the three functions , satisfy the equation :

A C DO (8)

Poincaré further assumedD 0, thereby eliminating a term depending on the velocity
of the passive mass, and xing the value ofn terms of . Applying the same slow-
motion approximation and translation (5) as in his initippeoach, Poincaré found
X1 D X1, and by comparison with Newton's law, reduces to 1:r13. In terms of
the kinematic invariants (1), this relation was expressed B 1=B3, and the law of
gravitation (7) took on the form3®

X kl A yA kl A
X1D 55 g 21Pyms i Bic
koB ko B3C koB ko B3C 9)
Yy kl A r kl A
Y, D ; T, D .

koB® ‘k,B3C’ koB® koB3C’

Inspection of Poincaré’s gravitational force (9) reveals tomponents : one parallel
to the position 4-vector between the passive mass and treleet source, and one par-
allel to the source 4-velocity. The law was not unique, Paiaéaoted, and it neglected
possible terms in the velocity of the passive mass.

Poincaré underlined the open-ended nature of his solutigerdposing a second
gravitational force law. Rearranging (9) and replacingfttmtor 1=B by C=B?3, such

36.AD korC  x/,BD kirC' x1/,andCD kokil & x 4.

37. Using modern 4-vector notation, and denoting Poinsagéavitational force 4-vectdf; D
Ko.X1;Y1;Z1;iT41/, equation (7) may be expressei; D R C U C U, whereR denotes a
lightlike 4-vector between the mass points, , stand for undetermined functions of the three kine-
matic invariantsA, B, andC, while U D Kkq.v;i/, U; D kj.vy;i/ designate the 4-velocities of the
passive and active mass points, respectively.

38. In ordinary vector form, recalling the de nitions in rmst23 and 29, the spatial part of Poincaré's
law is expressed as follows; D @& C rvi/ Cv .vy X/=@3.r C xv1/3.1 vvy/e. Cf. Zahar
(1989, 199).
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that the force depended linearly on the velocity of the passiass, Poincaré arrived
at a second law of gravitatiorf®

0 0

ST e
0 0

Y1D§C ER (10)
0 0

Zngc R

where
k]_.XCf 1/D ; kl.yCr 1/D, kl.ZCrllD ;

k]_. 1Z ]_y/ D O; kl- 1X ]_Z/ D O; kl- 1y X 1/ D 0'

Poincaré neglected to write down the expressionTigmprobably because of its com-
plicated form. (For the sake of simplicity, | refer to [9] afitD], including the lat-
ter's neglected fourth component, as Poincaré's rst ammbad law.) The unprimed
tripletB 3.;;/ supports what Poincaré termed a “vague analogy” with the me-
chanical force on a charged particle due to an electric allile the primed triplet

B 3. ¢ % U supports an analogy to the mechanical force on a chargeidlpattie

to a magnetic eld. He identi ed the elds as follows :

Now is an electric eld of sorts, while® ¢ 0

SRR =R
or rather—, —, —, is a magnetic eld of sortg®
B3 B3 B3

While Poincaré wrote freely of a “gravity wavediide gravi qug, he abstained from
speculating on the nature of the eld referred to here. As ohéhe rst theorists
(with FitzGerald and Lorentz) to have employed retardecepipdls in Maxwellian
electrodynamics, Poincaré must have considered the pldgsilb introducing a cor-
responding gravitational 4-potenti&l.But as matters stood when Poincaré submit-
ted this paper for publication in July, 1905, he was not in sigan to elaborate the
physics of elds in four-dimensional terms, since he posedsneither a 4-potential
nor a 6-vector.

Poincaré had realized the objective of formulating a Larentariant force of
gravitation. As we have seen, he surpassed this objectivednyifying not one but

39. This law may be reformulated using the vectors de neddtes 23 and 29, and neglecting (with
Poincaré) the componeft : f; D @&Crvy/Cv .vi x/+=@.r C xvy/3 Cf. Zahar (1989, 199).
Comparable expressions were developed by Lorentz (1983) Bhd Kottler (1922, 169).

40. “Alors , , ,ou=B3, =B3, =B?3, estune espéce de champ électrique, tandis §ue’, ©
ouplutét =B3, %B3 &B3 estune espéce de champ magnétique” (1906, 175).

41. Whittaker (1951-1953, 1 :394, note 3). A 4-potentiakesponding to Poincaré's second law
(10) was given by Kottler (1922, 169). Additional assumpsicare required in order to identify a
“gravito-magnetic” eld with a term arising from the Lorentransformation of forcev .v; X/,
or the second term of the 3-vector version of (10) (negledtie global factor ; see note 39). In partic-
ular, it must be assumed that when the sources of the “gralétttric” eld B 3.; ; / are at rest,
the force on a mass poimisf D mB 3.;;/ ,independent of the velocity ah. For a detailed
discussion, see Jackson (1975, 578).
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two such force laws. Designed to reduce to Newton's law inr$teorder of approxi-
mation in ; (or particle velocity divided by the speed of light), Poinga laws could
diverge from Newton's only in second-order terms. The argonsatis ed Poincaré,
who did not report any precise numerical results, explarimat this would require
further investigation. Instead, he noted that the disages# would be ten thousand
times smaller than a rst-order difference stemming frora #ssumption of a propa-
gation velocity of gravitation equal to that of lightéteris non mutatiqp. 175). His
result contradicted Laplace, who had predicted an obskrvedi-order effect aris-
ing from just such an assumption. At the very least, Poinbactdemonstrated that
Laplace's argument was not compelling in the context of e dynamics??

On several occasions over the next seven years, Poincaréedtto the question
of gravitation and relativity, without ever comparing thegictions of his laws with
observation. During his 1906-1907 Sorbonne lectures,Xample, when he devel-
oped a general formula for perihelion advance, Poincaré aseagrangian approach,
rather than one or the other of his laws (1953, 238). Studetasnof this course in-
dicate that he stopped short of a numerical evaluation ®rérious electron models
(perhaps leaving this as an exercise). However, Poinctgé paovided the relevant
numbers in a general review of electron theory. Lorentzsotly called for an extra
7%centennial advance by Mercury's perihelion, a gure sligigreater than the one
for Abraham'’s non-relativistic electron theofy According to the best available data,
Mercury's anomalous perihelial advance wi8% prompting Poincaré to remark that
another explanation would have to be found in order to adcéamthe remaining
seconds of arc. Astronomical observations, Poincaré aded soberly, provided no
arguments in favor of the new electron dynamtés.

Poincaré capsulized the situation of his new theory in aefalwhich Lorentz
plays the role of Ptolemy, and Poincaré that of an unknowroastner appearing
sometime between Ptolemy and Copernicus. The unknownnasirer notices that
all the planets traverse either an epicycle or a defererftensame lapse of time, a
regularity later captured in Kepler's second law. The agglto electron dynamics
turns on a regularity discovered by Poincaré in his studyravigation :

If we were to admit the postulate of relativity, we would nbtd same
number in the law of gravitation and the laws of electromaigng which
would be the velocity of light; and we would nd it again in dlie other
forces of any origin whatsoevé.

This common propagation velocity of gravitational actiohglectromagnetic elds,

42. Poincaré reviewed Laplace's argument in his 1906—186ftes (1953, 194). For a contem-
porary overview of the question of the propagation veloottgravitation see Tisserand (1889-1896,
1:511).

43. Fritz Wacker, a student of Richard Gans in Tubingen,iphbll similar results in 1906.

44, Poincaré (1908, 400). Poincaré explained to his stgdiwatt Mercury's anomalous advance
could plausibly be attributed to an intra-Mercurial matbett (1953, 265), an idea advanced force-
fully by Hugo von Seeliger in 1906 (Roseveare, 1982, 78). lecture delivered in September, 1909,
Poincaré revised his estimate of the relativistic periiedvance downward slightly ®°(Poincaré,
1909).

45. “[S]i nous admettions le postulat de relativité, nowmutrerions dans la loi de gravitation et
dans les lois électromagnétiques un nombre commun quit $eraitesse de la lumiére; et nous le
retrouverions encore dans toutes les autres forces derigielconque” (1906, 131).
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and of any other force, could be understood in one of two ways :

Either everything in the universe would be of electromagnetigin, or
this aspect—shared, as it were, by all physical phenomemaédvbe a
mere epiphenomenon, something due to our methods of measoiré®

If the electromagnetic worldview were valid, all particlgeractions would be gov-
erned by Maxwell's equations, featuring a constant propagaelocity. Otherwise,
the common propagation velocity of forces had to be a redwatroeasurement con-
vention. In relativity theory, as Poincaré went on to poiat,dhe measurement con-
vention to adopt was one de ning lengths as equal if and dridganned by a light sig-
nal in the same lapse of time, as this convention was conipatith the Lorentz con-
traction. There was a choice to be made between the eleajraatia worldview (as
realized in the electron models of Abraham and Bucheregéeaim) and the postulate
of relativity (as upheld by the Lorentz-Poincaré electroaary). Although Poincaré
favored the latter theory, he felt that its destiny was toupgesseded, just as Ptolemaic
astronomy was superseded by Copernican heliocentrism.

The failure of his Lorentz-invariant law of gravitation tegain the anomalous ad-
vance of Mercury's perihelion probably fed Poincaré's digsfaction with the Lorentz-
Poincaré theory in general, but what he found particuladuhling at the time was
something else altogether : the discovery of magneto-dathays. There is no place
in the Lorentz-Poincaré electron theory for rays that aith beutral (as Paul Villard
reported in June, 1904) and de ected by electric and magneitis, which is prob-
ably why Poincaré felt the “entire theory” to be “endangérbg magneto-cathode
rays.’

Uncertainty over the empirical adequacy of the LorentaPaié electron theory
may explain why theRendicontimemoir was Poincaré’s last in the eld of electron
physics. But is it enough to explain his disinterest in theeligoment of a four-
dimensional formalism ? One year after the publication sefdrticle on electron dy-
namics, Poincaré commented :

A translation of our physics into the language of four-disienal ge-

ometry does in fact appear to be possible ; the pursuit oftthrsslation

would entail great pain for limited pro t, and | will just @tHertz's me-

chanics, where we see something analogous. Meanwhilenistat the
translation would remain less simple than the text and walW@ys have

the feel of a translation, and that three-dimensional lagguseems the
best suited to the description of our world, even if one adrthat this

description may be carried out in another ididfn.

46. “Ou bien il n'y aurait rien au monde qui ne fat d'origineeétromagnétique. Ou bien cette par-
tie qui serait pour ainsi dire commune a tous les phénomémgsiques ne serait qu'une apparence,
guelque chose qui tiendrait a nos méthodes de mesure” (1806,132).

47. Poincaré (1906, 132); Stein (1987, 397, note 29). On ifterly of magneto-cathode rays, see
Carazza and Kragh (1990).

48. “Il semble bien en effet qu'il serait possible de traduiotre physique dans le langage de la
géométrie a quatre dimensions ; tenter cette traductioareét se donner beaucoup de mal pour peu de
pro t, etje me bornerai a citer la mécanique de Hertz ol I'oit guelque chose d'analogue. Cependant,
il semble que la traduction serait toujours moins simple lgugexte, et qu'elle aurait toujours l'air
d'une traduction, que la langue des trois dimensions seialieieux appropriée a la description de
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Poincaré clearly saw in his own work the outline of a four-diteional formalism
for physics, yet he saw no future in its development, and #nsirely apart from the
guestion of the empirical adequacy of the Lorentz-Pointizeéry.

Why did Poincaré discount the value of a language tailorentad relativity ?
Three sources of disinterest in such a prospect spring td,ittie rst of which stems
from his conventionalist philosophy of science. Poincaagnized an important role
for notation in the exact sciences, as he famously remarkédrespect to Edmond
Laguerre's work on quadratic forms and Abelian functioret th

in the mathematical sciences, having the right notatiomipophically
as important as having the right classi cation in the liféeswes*®

More than likely, Poincaré was aware of the philosophicgblioations of a four-
dimensional notation for physics, although he had yet toartak views public. But
given his strong belief in the immanence of Euclidean geoyisetness for physics,
he must have considered the chances for success of suchuadgnp be vanishingly
small.%®

A second source for Poincaré's disinterest in four-dimemai formalism is his
practice of physics. As mentioned above, Poincaré dispﬁwﬂa vectorial systems
(and most notational shortcuts) ; he even avoided writifoy 1. When considered
in conjunction with his conventionalist belief in the siility of Euclidean geometry
for physics, this conservative habit with respect to notathakes Poincaré appear all
the less likely to embrace a four-dimensional language ligsies.

The third possible source of discontent is Poincaré's \@gkperience with invari-
ants of pseudo-Euclidean 4-space. As shown above (p. 12)c&é's rst approach
to the construction of a law of gravitation ended unsatisidly, and the failure of
Poincaré’s intuition in this instance may well have colohasl view of the prospects
for a four-dimensional physics.

An immediate consequence of Poincaré's refusal to work loatform of four-
dimensional physics was that others could readily pick uprefine left off. Roberto
Marcolongo (1862-1945), Professor of Mathematical PlsyisidMessina, and a lead-
ing proponent of vectorial analysis, quickly discerned ainearé's paper a potential
for formal development. Marcolongo referred, like Poirgao a four-dimensional
space with one imaginary axis, but de ned tBej)urth cocmd'ﬁ'naithe product of
timet and the negative squarerootof (i.,e., t 1linsteadot  1). After form-
ing a 4-vector potential out of the ordinary vector and scptentials, and de ning
a 4-current vector, he expressed the Lorentz-covarianteaquations of electrody-
namics in matrix form. No other applications were forthcogirom Marcolongo, and
a failure to produce further 4-vector quantities and fusrtilimited the scope of his
contribution, which went unnoticed outside of ItafyNothing further on Poincaré's

notre monde, encore que cette description puisse se fargegueur dans un autre idiome” (1907, 15).
See also Walter (1999b, 98), and for a different translati&adison (1979, 95). On Hertz's mechanics,
see Lutzen (1999).

49. “ID]ans les Sciences mathématiques, une bonne notatiamTméme importance philosophique
gu'une bonne classi cation dans les Sciences naturelE898-1905, 1 :x).

50. Poincaré's analysis of the concepts of space and timglativity theory appeared in 1912. On
the cool reception among mathematicians of Poincaré'ssv@mwphysical geometry, see Walter (1997).

51. Marcolongo (1906). This paper later gave rise to a gyialaim for a slightly different substi-
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method appeared in print until April, 1908, when Hermann léwski's paper on the
four-dimensional formalism and its application to the pgeob of gravitation appeared
in the Gottinger Nachrichten.

2 Hermann Minkowski's spacetime laws of gravitation

The young Hermann Minkowski, fth child of an immigrant falypiof Russian
Jews, attended the Altstadtische Gymnasium in Konigshetiey (Kaliningrad). Shortly
after graduation, Minkowski submitted an essay for thedPacademy's 1882 Grand
Prize in Mathematical Sciences. His entry on quadratic $ostrared top honors with
a submission by the seasoned British mathematician Her8ySmith, his senior by
thirty-eight years>? The young mathematician went on to study with Heinrich Weber
in Konigsberg, and with Karl Weierstrass and Leopold Krdwaedn Berlin. In the
years following the prize competition, Minkowski becameaainted with Poincaré's
writings on algebraic number theory and quadratic formd,iarparticular, with a pa-
per in Crelle'sJournalcontaining some of the results from Minkowski's prize paper
still in press. To his friend David Hilbert he con ded the ‘@st and alarm” brought on
by Poincaré's entry into his eld of predilection ; with hisWift and versatile” energy,
Poincaré was bound to bring the whole eld to closure, or ssegmed to him at the
time.>® From the earliest, formative years of his scienti ¢ caré¢inkowski found in
Poincaré-his senior by a decade—a daunting intellectal ri

While Minkowski had discovered in Poincaré a rival, he wasrsto nd that that
the Frenchman could also be a teacher, from whom he could lear analytical
skills and methods. Named Privatdozent in Bonn in 1887, vdki contributed to
the abstract journalahrbuch der Fortschritte der Mathemati&nd in 1892, took on
the considerable task of summarizing the results of thergfapevhich Poincaré was
awarded the King Oscar Il Prize (Minkowski, 1890-1893). ftethematics Poincaré
created in his prize paper (the study of homoclinic pointpanticular) was highly
innovative, and at the same time, dif cult to follow. Amonggase whom we know
had trouble understanding certain points of Poincaré’sepmemoir were Charles
Hermite, Gustav Mittag-Lef er, and Karl Weierstrass, whappened to constitute the
prize committee>* Minkowski, however, welcomed the review as a learning ofapor
nity, as he wrote to his friend and former teacher, Adolf Hitew

Poincaré's prize paper is also among the works | have to tepoior the
Fortschritte 1 am quite fond of it. It is a ne opportunity for me to get
acquainted with problems | have not worried about too mucloumpw,
since | will naturally set a positive goal of making my casdlwe

tution :u D it (Marcolongo to Arnold Sommerfeld, 5 May, 1913, Archives History of Quantum
Physics 32). On Marcolongo's paper see also Maltese (2(BH), 1

52. Ridenberg (1973); Serre (1993); Strobl (1985).

53. Minkowskito Hilbert, 14 February, 1885, Minkowski (1830). Minkowski's fears turned out to
be for naught, as Poincaré pursued a different line of rebgd@assenhaus, 1975, 446). On Minkowski's
early work on the geometry of numbers see Schwermer (1991 )ater developments, see Kratzel
(1989).

54. See Gray (1992) and the reception study by Barrow-GrE29i/(, chap. 6).

55. Minkowski to Hurwitz, 5 January, 1892, Cod. Ms. Math. Ar@8 : 188, Handschriftenabteilung,
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In the 1890s, building on his investigations of the algebtaeory of quadratic
forms, Minkowski developed the geometric analog to thiotiie geometrical num-
ber theory. A high point of his efforts in this new eld, and @mvhich contributed
strongly to the establishment of his reputation in mathéahtircles, was the publi-
cation ofGeometrie der Zahle(il896). The same year, Minkowski accepted a chair
at Zurich Polytechnic, whereby he rejoined Hurwitz. Minlskis lectures on mathe-
matics and mathematical physics attracted a small follgwirtalented and ambitious
students, including the future physicists Walter Ritz arioeft Einstein, and the bud-
ding mathematicians Marcel Grossmann and Louis Kolkbs.

Minkowski's lectures on mechanics in Zurich throw an intgneg light on his
view of symbolic methods in physics at the close of the nigetie century. The the-
ory of quaternions, he noted in 1897, was used nowhere @ut$ieingland, due to its
“relatively abstract character and inherent dif culty”"Two of its fundamental con-
cepts, scalars and vectors, had nevertheless gained lppeaal among physicists,
Minkowski wrote, and had found “frequent application espkyg in the theory of
electricity.”>® Applications of quaternions to problems of physics wereaaded in
Germany with the publication of Felix Klein and Arnold Sormfieéd's Theorie des
Kreisels a work referred to in Minkowski's lecture notes of 1898-289 Minkow-
ski admired Klein and Sommerfeld's text, expressing “giatgrest” in the latter to
Sommerfeld, along with his approval of the fundamentalistignce accorded to the
concept of momentum. However, their text did not make theired reading list for
Minkowski's course in mechanic¥

In 1899, at the request of Sommerfeld, who a year earlier lgagked to edit the
physics volumes of Felix Klein's ambitiousncyclopedia of the Mathematical Sci-
ences including ApplicationgereaftefEncyklopadig Minkowski agreed to cover a
topic in molecular physics he knew little about, but one ety suited to his skills
as an analyst : capillarit§* The article that appeared seven years later represented his

Niederséchsische Staats- und UniversitatsbibliothekJB)SOn Minkowski's report see also Barrow-
Green (1997, 143).

56. Minkowski papers, Arc. 4 1712, Jewish National and @nsity Library (JNUL) ; Minkowski
to Hilbert, 11 March, 1901, Minkowski (1973, 139).

57. Vorlesungen Uber analytische Mechanik, Wintersemds€387/98, p. 29, Minkowski papers,
Arc. 4 1712, JNUL.

58. Loc. cit. note 57. The concepts of scalar and vector mpetl by Minkowski were those in-
troduced by W. R. Hamilton (1805-1865), the founder of quats theory. Even in Britain, vectors
were judged superior to quaternions for use in physicsngivise to spirited exchanges in the pages of
Natureduring the 1890s, as noted by Bork (1966) and Crowe (1967.@)aOn the introduction of
vector analysis as a standard tool of the physicist durirsgatériod, see Jungnickel and McCormmach
(1986, 2 :342), and for a general history, see Crowe (1967).

59. Klein and Sommerfeld (1897-1910); Vorlesungen Uberhdaik, Wintersemester 1898/99, 47,
59, Minkowski papers, Arc. 4 1712, JNUL. Minkowski refedréo Klein and Sommerfeld's text in
relation to the concept of force and its anthropomorphigios, the kinetic theory of gas, and the
theory of elasticity.

60. Minkowski to Sommerfeld, 30 October, 1898, MSS 1013Ae&al Collections, National Mu-
seum of American History. An extensive reading list of megbatexts is found in Minkowski's course
notes for the 1903-1904 winter semester, Mechanik |, 9, Mirgki papers, Arc. 4 1712, INUL.

61. Minkowski to Sommerfeld, 30 October, 1898, loc. cit.en60 ; Minkowski to Sommerfeld, 18
November, 1899, Nachlass Sommerfeld, Arch HS1977-28/8, B@utsches Museum Muinchen; re-
search notebook, 12 December, 1899, Arc. 4 1712, Minkowakiers, INUL.
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second contribution to physics, after a short note on theatehydrodynamics pub-
lished in 1888, but which, ten years later, Minkowski clagdm® one had read—save
the abstractef?

When Minkowski accepted Gottingen's newly-created thindic of pure mathe-
matics in the fall of 1902, the pace of his research changesbjoely. The University
of Gottingen at the turn of the last century was a magnet fentad young mathe-
maticians and physicist® Minkowski soon was immersed in the activities of Got-
tingen's Royal Society of Science, its mathematical sgci@hd research seminars.
Several faculty members, including Max Abraham, Gustawgtdéz, Eduard Riecke,
Karl Schwarzschild, and Emil Wiechert, actively pursueelttetical or experimental
investigations motivated by the theory of electrons, anglais not long before Min-
kowski, too, took up the theory. During the summer semestdr965 he co-led a
seminar with Hilbert on electron theory, featuring repdayswWiechert and Herglotz,
and by Max Laue, who had just nished a doctoral thesis undak Mlanck's super-
vision.%4

Along with seminars on advanced topics in physics and aigalymechanics,
Gottingen featured a lively mathematical society, with lgeneetings devoted to
presentations of work-in-progress and reports on scieractivity outside of Gottin-
gen. The electron theory was a frequent topic of discussitins venue. For instance,
the problem of gravitational attraction was rst addressgdSchwarzschild in De-
cember, 1904, in a report on Alexander Wilkens' recent papehe compatibility of
Lorentz's electron theory with astronomical observatiéhs

A focal point of sorts for the mathematical society, Poidsascienti ¢ output
fascinated Gottingen scientists in general, and Minkowsparticular, as mentioned
above® Minkowski reported to the mathematical society on Poinsgréblications
on topology, automorphic functions, and capillarity, dévg three talks in 1905-1906
to Poincaré's 1888—-1889 Sorbonne lectures on this sulbdpmin¢aré, 1895). Others
reporting on Poincaré's work were Conrad Muller on Poinsa®. Louis lecture on
the current state and future of mathematical physics (3talgn1905), Hugo Broggi
on probability (27 October, 1905), Ernst Zermelo on a bouypdalue problem (12
December, 1905), Erhard Schmidt on the theory of diffeedetuations (19 Decem-
ber, 1905), Max Abraham on the Sorbonne lectures (6 Fehrii@®%) and Paul Koebe
on the uniformization theorem (19 November, 1907). Oneayatfrom this list that
the Gottingen mathematical society paid attention to Rals contributions to celes-
tial mechanics, mathematical physics, and pure mathesaticsubjects intersecting
with the ongoing research of its members. It also appeatsithather member of the

62. Minkowski (1888, 1907) ; Minkowski to Sommerfeld, 30 Gloér, 1898, loc. cit. note 60.

63. On Gdéttingen's rise to preeminence in these elds, sesédald (1970), Pyenson (1985,
chap. 7), and Rowe (1989, 1992).

64. Nachlass Hilbert 570/9, Handschriftenabteilung, NSBBenson (1985, chap. 5).

65. Jahresbericht der deutschen Mathematiker-Vereiniglyg51.

66. Although Poincaré spoke on celestial mechanics in @g#h in 1895 (Rowe, 1992, 475), and
was invited back in 1902, he did not return until 1909, a fewnthe after Minkowski's sudden
death. See Hilbert to Poincaré, 6 November, 1908 (Dugad;,12@9) ; Klein to Poincaré, 14 Jan.,
1902 (Dugac, 1989, 124-125). Sponsored by the Wolfskehil Haaincaré's 1909 lecture series took
place during “Poincaré week”, in the month of April. His lerts were published the following year
(Poincaré, 1910) in a collection launched in 1907, basechades of Minkowski's (Klein, 1907, IV).
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mathematical society was quite as assiduous in this reagedinkowski®’

When Einstein's relativity paper appeared in late Septemt@05, it drew the
attention of the Bonn experimentalist Walter Kaufmann, anier Gottingen Privat-
dozent and friend of Max Abraham, but neither Abraham nor @inlyis colleagues
rushed to report on the new ideas to the mathematical soe®pincaré's long
memoir on the dynamics of the electron, published in Janu&9§6, fared better, al-
though nearly two years went by before Minkowski found anasoen to comment
on Poincaré's gravitation theory, and to present his owateel work-in-progress.
Minkowski's typescript has been conserved, and is the sowaferred to heré?

On the occasion of the 5 November, 1907, meeting of the madtieah society,
Minkowski began his review of Poincaré's work by observimgtt gravitation re-
mained an “important question” in relativity theory, sintevas not yet known “how
the law of gravitation is arranged for in the realm of the pite of relativity.”’® The
basic problem of gravitation and relativity, in other wartleid not been solved by
Poincaré. Eliding mention of Poincaré's two laws, Minkowscognized in his work
only one positive result: by considering gravitationatattion as a “pure mathemat-
ical problem,” he said, Poincaré had found gravitation wpagate with the speed of
light, thereby overturning the standard Laplacian argurtethe contrary’*

Minkowski expressed dissatisfaction with Poincaré's apph, allowing that Poin-
caré's was “only one of many” possible laws, a fact stemmnogfits construction
out of Lorentz-invariants. Consequently, Poincaré's stigation “had by no means
a de nitive character.”? A critical remark of this sort often introduces an altervati
theory, but in this instance none was forthcoming, and adl kiwow in what follows,
there is ample reason to doubt that Minkowski was actually position to improve
on Poincaré's investigation. Nonetheless, at the end ofatiksMinkowski set forth
the possibility of elaborating his report.

Minkowski's lecture was not devoted entirely to Poincaiégestigation of Lor-
entz-invariant gravitation. The purpose of his lectureoading to the published ab-
stract, was to present a new form of the equations of elegtiadics leading to a
mathematical redescription of physical laws in four aredectricity, matter, mechan-
ics, and gravitation’® These laws were to be expressed in terms of the differential
equations used by Lorentz as the foundation of his sucdetdsfary of electrons
(1904a), but in a form taking greater advantage of the iavene of the quadratic

67. Jahresbericht der deutschen Mathematiker-Vereiniglhdl28, 586 ; 15 :154-155; 17 :5.

68. On Kaufmann's cathode-ray de ection experiments, sekleM(1981, 226) and Hon (1995).
Readings of Kaufmann's articles are discussed at lengthitdyalRd Staley (1998, 270).

69. Undated typescript of a lecture on a new form of the equatbf electrodynamics, Math. Archiv
60 :3, Handschriftenabteilung, NSUB. This typescript eliff signi cantly from the posthumously-
published version (1915).

70. “Es entsteht die grosse Frage, wie sich denn das Giavisgiesetz in das Reich des Relativitat-
sprinzipes einordnen lasst” (p. 15).

71. Actually, Poincaré postulated the lightlike propagativelocity of gravitation, as mentioned
above (p. 11).

72. “Poincaré weist ein solches Gesetz auf, indem er auf digaBhtung von Invarianten der
Lorentzschen Gruppe eingeht, doch ist das Gesetz nur eimesvielen méglichen, und die betref-
fenden Untersuchungen tragen in keiner Weise einen deenitiCharakter” (p. 16). See also Pyenson
(1973, 233).

73. Jahresbericht der deutschen Mathematiker-Vereiniglih1 908), Mitt. u. Nachr., 4-5.
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formx2 C y2 C z2 c?t?. Physical laws, Minkowski stated, were to be expressed
with respect to a four-dimensional manifold, with coordesx, X», X3, X4, Where
units were chosen such thatD 1, the ordinary Cartesian coordinatesy, andz,
went over into the rst three, and the fourth was de ned to meimaginary time
coordinatex4 D it. Implicitly, then, Minkowski took as his starting point tifeur-
dimensional vector space described in the last section mfcB@'s memoir on the
dynamics of the electron.

Minkowski acknowledged, albeit obliquely, a certain conity between Poincar-
é's memoir and his own program to reform the laws of physic®iur-dimensional
terms. By formulating the electromagnetic eld equationdaur-dimensional nota-
tion, Minkowski said he was revealing a symmetry not reaibg his predecessors,
not even by Poincaré himself (Walter, 1999b, 98). While Paig had not sought to
modify the standard form of Maxwell's equations, Minkowslt it was time for a
change. The advantage of expressing Maxwell's equatiotiseimew notation, Min-
kowski informed his Goéttingen colleagues, was that theyeviken “easier to grasp”
(p. 11).

His reformulation naturally began in the electromagnetimdin, with an expres-
sion for the potentials. He formed a 4-vector potential dedd ) by taking the
ordinary vector potential over for the rst three comporgerdand setting the fourth
component equal to the productiofind the scalar potential. The same method was
applied to obtain a four-component quantity for currentsitgn for the rstthree com-
ponents, Minkowski took over the convection current dgngéctor,%v, or charge
density times velocity, and de ned the fourth component ¢otlhe product of and
the charge density. Rewriting the potential and currensitgvectors in this way,
Minkowski imposed what is now known as the Lorenz conditDiv,, / D 0, where
Div is an extension of ordinary divergence. This led him te tbllowing expression,
summarizing two of the four Maxwell equations:

iD % . D1 234, (11)

where is the d'Alembertian, employed earlier by Poincaré (cf.en2d).

Of the formal innovations presented by Minkowski to the neatlatical society,
the most remarkable was what he calledraktor, a six-component entity used to
represent the electromagnetic efd.He de ned the six components via the 4-vector
potential, using a two-index notation;jy D @ =@  @;j =@\, noting the an-
tisymmetry relation y D  jx, and zeros along the diagona] D 0. In this
way, the Traktor componentS,4, 24, 34, 23, 31, 12 Match up with the eld
quantities iEx, iEy,, iE,, hys,h, h."

The Traktor rst found application when Minkowski turned is second topic:
the four-dimensional view of matter. Ignoring the electtio@ories of matter of Lorentz
and Joseph Larmor, Minkowski focused uniquely on the maoais electrodynamics

74. The same term was employed by Cayley to denote a line wihégtts any given lines, in a paper
of 1869.

75. When written out in full, one obtains, forexampleg D @ 3=@2; @ >=@2 D hx. Minkow-
ski later renamed the TraktorRaum-Zeit-Vektor Il. Ar{1908, 85), but it is better known as either a
6-vector, an antisymmetric 6-tensor, or an antisymmegegcond-rank tensor. As the suite of synonyms
suggests, this object found frequent service in covarmmbilations of electrodynamics.
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of moving media’® For this subject he introduced a “Polarisationstraktqu’, along
with a 4-current-density, / , de ned by the current density vectorand the charge
density% ./ D ix;iy;iz;i%(p. 9). Recalling (11), Minkowski wrote Maxwell's
source equations in covariant form:

@y - @y . @3 . @y
C C C
@ @ @3 @4

Minkowski's relativistic extension of Maxwell's theory wsaall the simpler in that
it elided the covariant expression of the constitutive ¢igua, which involves 4-
velocity.”” While none of his formulas invoked 4-velocity, Minkowskikimowledged
that his theory required a “velocity vector of matter D wy; w;; ws; w,” (p. 10).

In order to express the “visible velocity of matter in anydton,” Minkowski
needed a new vector as a function of the coordinateg, z, t (p. 7). Had he un-
derstood Poincaré's 4-velocity de nition (see above, p), 1 undoubtedly would
have employed it at this point. Instead, following the sanghod of generalization
from three to four components successfully applied in thse e 4-vector potential,
4-current density, and 4-force density, Minkowski took rotlee components of the
velocity vectorw for the spatial elements of the quadruplet designatedw,, ws,
Wy

D j °/p: (12)

Wy, Wy Wz 0001 w2 (13)

There are two curious aspects to Minkowski's de nition. gtiof all, its squared
magnitude does not vanish when ordinary velocity vaniskesn a particle at rest
with respect to a reference frame is described in that frayne 4-velocity vector of
nonzero length. This is also true of Poincaré's 4-velocéydion, and is a feature of
relativistic kinematics. Secondly, the components of Miwkki's quadruplet do not
transform like the coordinates, X;, X3, X4, and consequently lack what he knew to
be an essential property of a 4-vectér.

The most likely source for Minkowski's blunder is Poincarpaper. We recall that
Poincaré's derivation of his kinematic invariants ignoredectors (see above, p. 9),
and what is more, his paper features a misleading mispricgrding to which the
spatial part of a 4-velocity vector is given to be the ordymazlocity vector’® Other
sources of error can easily be imagined, of cou¥sdt is strange that Minkowski
did not check the transformation properties of his 4-véjode nition, but given its
provenance, he probably had no reason to doubt its soundness

76. For a comparison of the Lorentz and Larmor theories, seadol (1994).

77. On the four-dimensional transcription of Ohm's law seeelés and Henry (1959, 65-67).

78. Minkowski mentions this very property on p. 6. D

79. The passage in question may be translated as followstMe consideX , Y, Z, T 1, as
the coordinates of a fourth poif@t; the invariants will then be functions of the mutual distasmof the
ve points O, P, P% P% Q, and among these functions we must retain only those thdttargegree
homogeneous with respect, on one handtoy,Z, T, X, y, z, t (variables that can be further
replaced byX1,Y1,Z1,T1, , , ,1),andonthe other hand, with respectiw, 1y, 1z, 1 (variables
that can be further replaced by, 1, 1, 1)” (Poincaré, 1906, 170). The misprint is in the nextdst|
set of variables, where instead of 1 we should hate

80. One other obvious gpurce for Minkowski's error is Loestransformation of charge density:
WD %=1% wherel= D 1 v2=c2, andl is a constant later set to unity (Lorentz, 1904a, 813),
although this formula was carefully corrected by Poincaré.
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Minkowski's mistake strongly suggests that at the time af leicture, he did not
yet conceive of particle motion in terms of a worldline paeden. Such an approach to
particle motion would undoubtedly have spared Minkowski ¢nror, since it renders
trivial the de nition of 4-velocity8! As matters stood in November, 1907, however,
Minkowski could proceed no further with his project of refarlation The devel-
opment of four-dimensional mechanics was hobbled by Mirdlo\w spare stock of
4-vectors even more than that of electrodynamics. AlthoMghkowski de ned a
force-density 4-vector, the fourth component of which herextly identi ed as the
energy equation, he did not go on to de ne 4-force at a p&irince again, the de -
nition of a force 4-vector at a point would have been triiald Minkowski possessed
a correct 4-velocity de nition. No more than a review of Ptais recent investiga-
tion (1907), Minkowski's discussion of mechanics involveal4-vectors at all. Like-
wise for the subsequent section on gravitation, which mwe®Poincaré's theory, as
shown above (p. 21). Without a valid 4-vector for velocityinkbwski's electrody-
namics of moving media was severely hobbled; without a pmrde 4-vector, his
four-dimensional mechanics and theory of gravitation d@d nowhere.

The dif culty encountered by Minkowski in formulating a foalimensional ap-
proach to physics is surprising in light of the account heegater of the background
to his discovery of spacetime (1909). Minkowski presentisdpacetime view of rel-
ativity theory as a simple application of group methods ® differential equations
of classical mechanics. These equations were known to lagiamt with respect to
uniform translations, just as the squared sum of diffeadsitix? C dy2 C dz? was
known to be invariant with respect to rotations and traistat of Cartesian axes in
Euclidean 3-space, and yet no one, he said, had thought gbaxamding the two
corresponding transformation groups. When this is donegaip (by introducing a
positive parameter), one ends up with a group Minkowski designated with re-
spect to which the laws of physics are covariant. (The gr@ups now known as
the Poincaré group.) Presumably, the four-dimensionalcgmh appeared simple to
Minkowski in hindsight, several months after his struggliéw-velocity.

In summary, while Minkowski formulated the idea of a fouradinsional language
for physics based on the form-invariance of the Maxwell ¢igna under the trans-
formations of the Lorentz group, his development of thisgpaon beyond electrody-
namics was hindered by a misunderstanding of the four-dsineal counterpart of an
ordinary velocity vector. This was to be only a temporarytable.

On 21 December, 1907, Minkowski presented to the Royal 8pckScience
in Gottingen a memoir entitled “The Basic Equations for Ee@magnetic Processes

81. Let the differential parameter of a worldline be expressed in Minkowskian coordinates by
d 2D .dxZC dx5 C dx3 C dx3/. The 4-velocity vectot) is naturally de ned to be the rst
derivative with respect to this parameter, D dx =d ( D 1,2, 3,4).

82. The incongruity noted by Pyenson (1985, 84) between dlugki's announcement of a four-
dimensional physics on one hand, and on the other hand, e dfi4-vector de nitions and expres-
sions, is to be understood as a indication of Minkowski'sdgia ascent of the learning curve of four-
dimensional physics.

83. Minkowski de ned the spatial components of the emptycspéorce density 4-vectaX; in
terms of the ordinary force density componeKisY, Z, and their product with velocityA D
Xwy; YW, ;Zw,, such thatX; D X;Y;Z;iA. He also expressed the force density 4-vector as the
product of 4-current-density and the Trakt®: D % j1 C% j2 C% ;3 C% ja.
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in Moving Bodies,” which | will refer to for brevity as th&rundgleichunger$*
Minkowski's memaoir revisits in detail most of the topicstiatiuced in his 5 Novem-
ber lecture to the mathematical society, but employs nonthefargon of spaces,
geometries, and manifolds. What it emphasizes insteadyaeaent with its title—is
the achievement of the rst theory of electrodynamics of mgwvbodies in full con-
formance to the principle of relativity. Also underlinedasecond result described as
“very surprising”: the laws of mechanics follow from the paste of relativity and
the law of energy conservation alone. On the four-dimerai@rorld and the new
form of the equations of electrodynamics, both topics hieadlin his November lec-
ture, Minkowski remained coy. Curiously, the introductim®entions nothing about
a new formalism, even though all but one of fourteen sectiotieduce and employ
new notation or calculation rules (not counting the appendi

The added emphasis on the laws of mechanics in Minkowskradiuction, on the
other hand, re ects Minkowski's recent discovery of cotrde nitions of 4-velocity
and 4-force, along with geometric interpretations of theg#ies. It was in th&rund-
gleichungerthat Minkowski rst employed the term “spacetimeRaumzejt & For
example, he introduced 4-current density as the exemplar“epacetime vector of
the rstkind” (85), and used it to derive a velocity 4-vecttatentifying%, %, %, %
with %, , %vy , %v,, i % just as he had done in his lecture of 5 November, Minkowski
wrote the transformation to a primed system moving with amif velocityq < 1:

w,C1 W
98D % Pt i ow%D % P ;9D D %v,; %0 D %u,: (14)
1 q 1 q
Observing that this transformation did not alter the exgi®s%.1 w2/, Min-
kowski announced an “important remark” concerning theti@heof the primed to the
unprimed velocity vector (84). Dividing the 4-current den®y the positive square
root of the latter invariant, he obtained a valid de nitiohdsvelocity,
Wy Wy W, [
p—; p—; p—; p—; (15)
R 1T w2 R 1 w2
the squared magnitude of which is equal tb. Minkowski seemed satis ed with this
de nition, naming it the spacetime velocity vect®®dum-Zeit-Vektor GeschwindigReit
The signi cance of the spacetime velocity vector, Minkowskserved, lies in
the relation it establishes between the coordinate drfteals and matter in motion,
according to the expression

p
dxZCdx5Cdx5Cdxi/Ddt 1 w2 (16)

84. Minkowski's manuscript was delivered to the printer dnF2bruary, 1908, corrected, and pub-
lished on 5 April, 1908 (Journal fir die “Nachrichten” der $géischaft der Wissenschaften zu G6t-
tingen, mathematische-naturwissenschaftliche Klas€d-4B12, Scient. 66, Nr. 1, 471, Archiv der
Akademie der Wissenschaften zu Géttingen). | thank Tilmaune® for pointing out this source to me.

85. While the published version of Minkowski's 5 Novembectlere refers on one occasion to a
“Raumzeitpunkt” (Minkowski, 1915, 934), the term occursa@re in the archival typescript. The
source of this addition is unknown. A manuscript annotatibthe rst page of the typescript bears
Sommerfeld's initials, and indicates that he comparedspafthe typescript to the proofs, as Lewis
Pyenson correctly points out (1985, 82). Pyenson errs, bexvén attributing to Sommerfeld the
authorship of the remaining annotations, which were alhgelin Minkowski's characteristic cramped
hand.
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The Lorentz-invariance of the right-hand side of (16), sigd earlier by both Poincaré
and Planck, now described the relation of the sum of the sgualrthe coordinate
differentials to the components of 4-velocity.

The latter relation plays no direct role in Minkowski's selgsient development of
the electrodynamics of moving media, and in this it is unttke 4-velocity de nition.
Rewriting the right-hand side of (16) as the ratio of the cmaite differentiabdx, to
the temporal component of 4-velocity,, Minkowski de ned the spacetime integral
of (16) as the “proper time”Higenzei} pertaining to a particle of matter. The intro-
duction of proper time streamlined Minkowski's 4-vectompeassions, for instance,
4-velocity was now expressed in terms of the coordinatewifitials, the imaginary
unit, and the differential of proper timd, :

dx dy dz_ dt

d' d°' d° ‘'a
Along with the notational simpli cation realized by the mduction of proper time,
Minkowski signaled a geometric interpretation of 4-vetgcBince proper time is the
parameter of a spacetime line (or as he later called it, adoe), it follows that
4-velocity is equal to the slope of a worldline at a given gtaaee point, much like
ordinary three-velocity is described by the slope of a dispiment curve in classical
kinematics. What Minkowski pointed out, in other words hatt4-velocity is tangent
to a worldline at a given spacetime point (p. 108).

In order to develop his mechanics, Minkowski needed a wdede nition of
mass. He adapted Einstein's and Planck’s notion of rest noat®e arena of space-
time by considering that a particle of matter sweeps out a&hype in spacetime.
Conservation of particle mass was then expressed as invariance of the product of
rest mass density with the volume slices of successive aoisme hypersurfaces
over the length of the particle's worldline, such tllah=d D 0. Minkowski did not
consider the case of variable rest mass density, whichsaffiseinstance, in the case
of heat exchange.

Minkowski's decision to adopt a constant rest mass densiipked to his view of
the electrodynamics of moving media. Recall that he haddhiced a six-vector in
his 5 November lecture to represent the eld. The produchef eld and excitation
six-vectors, he noted, leads to an interesting 4 by 4 matorbining the Maxwell
stresses, Poynting vector, and electromagnetic energsitderHe did not assign a
name to this object, known later as the energy-momentunoteaisd often viewed as
one of Minkowski's greatest achievements in electrodymaffi Of special interest
to Minkowski was the fact that the 4-divergence of this matdenoted lo6, is a
4-vectorK : 87

(17)

K D lorS: (18)

86. While Minkowski's tensor is traceless, it is also asynmisea fact which led to criticism and
rejection by leading theorists of the day. His asymmetmste was later rehabilitated; for a technical
discussion with reference to the original papers, see Migle72, 219). In the absence of matter, his
tensor assumes a symmetric form; in this form, it was hailethborists.

87. Minkowski de ned the energy-momentum ten&in two ways: as the product of six-vectors,
fF DS L,whereL isthe Lagrange density, and in component form via the egusfior Maxwell
stresses, the Poynting vector, and electromagnetic edergity (1908, 96).
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This 4-divergence (18) was used to de ne the “ponderombfmee density, or gen-
eralized force per unit volume, neither mechanical nor nechanical in the pure
sense of these terms. The 4-vedfois not normal, in general, to the velociy of a
given volume element, so to ensure that the ponderomotice facts orthogonally to
w, Minkowski added a component containing a velocity term:

K C .wKYw: (19)

The parentheses in (19) indicate a scalar product,iifstands for the transpose of
K. By de ning the ponderomotive force density in this way, Mowski effectively
opted for an equation of motion in which 4-acceleration ienmal to 4-velocity®® It
appears that Minkowski let this view of force and acceleraguide his development
of spacetime mechanics. In the latter domain, he formed a 4 matrix S in the
force density and energy of an elastic media with the sanmsfivamation properties
as the energy-momentum ten$»of (18), and used the 4-divergence of this tensor to
express the equations of motion of a volume element of cohstat mass density

(p. 106):

d
%DKhC W h .hD 1;2;3; 4/ (20)

The factor was determined by the de nition of 4-velocity to be equal he scalar
product. K W, much like the de nition of ponderomotive force (19). In spihmay
be supposed that the non-orthogonality with respect to angixolume element of
the 4-divergence of Minkowski's asymmetric energy-moroemtensor for moving
media led Minkowski to introduce a velocity term to his deinn of ponderomotive
force. This de nition was then ported to spacetime mechgnihere for the sake of
consistency, Minkowski held rest mass density constanihéneiquations of motion
(20).

Minkowski's stipulation of constant rest mass density wasngually challenged
by Max Abraham (1909, 739) and others, for reasons that doaratern us here. De-
spite its obvious drawbacks, it greatly simpli ed the task®utlining the mechanics
of spacetime and developing a theory of gravitation. Fongda, it permitted him to
de ne the equations of motion of a particle in terms of thedaret of rest mass and
4-acceleration, where the latter is the derivative of fuiy with respect to proper
time. Since 4-velocity is orthogonal to 4-acceleratiom,donstant proper mass it is
also orthogonal to a 4-vector Minkowski called a “drivingde” (bewegende Kraft
p. 108). Minkowski wrote four equations de ning this force:

d dx d dy d dz d dt

Mm———DR,, m———DRy; m———DR,; m—— D R;: 21

d d *7d d 7d d > 7d d TG
The rst three expressions differ from Planck's equatioismmtion, in that Planck
de ned force as change iImomentuminstead of mass times acceleration. It was only
a few months later that Minkowski explicitly de ned four-mmeentum as the product

88. Minkowski's alternative between a 4-force de nitiondathe “natural” spacetime equations of
motion was underlined by Pauli (1921, 664).
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of 4-velocity with proper mas$&’ By dividing Minkowski's rst three equations by
a Lorentz factor, one obtains Planck's equations. Minkawd&urth equation,Ry,
formally dependent on the other three, expresses the lawmerfyg conservatiof?
From energy conservation and the relativity postulate gldinkowski concluded,
one may derive the equations of motion. This is the singlegissing” result of his
investigation of relativistic mechanics, referred to & tlutset of his paper (see above,
p. 25).

If Minkowski found few surprises in spacetime mechanicsnynaf his readers
were taken aback by his four-dimensional approach. For piagrthe rst physicists
to comment on his work, Albert Einstein and Jakob Laub, régviMdinkowski's ex-
pressions in ordinary vector notation, sparing the reduefgizable demandsz{em-
lich grof3e Anforderunggmof Minkowski's mathematics (1908, 532). They did not
specify the nature of the demands, but the abstracter offiaper pointed to the “spe-
cial knowledge of the calculation methods” required foriragation of Minkowski's
equations?® In other words, for Minkowski's readers, his novel matrixatdus was
the principal technical obstacle to overcome. Where Poinpaished rejection of
formalism to an extreme, Minkowski pulled in the other direg, introducing a for-
malism foreign to the practice of physics. What motivated biash move is unclear,
and his choice is all the more curious because he knowinggddbee German trend

89. Planck (1906, eqn. 6), Minkowski (1909, §4). In the liglteture, Minkowski proposed the mod-
ern de nition of kinetic energy as the temporal componentahomentum times?, or m¢?dt=d .
The “spatial” part of the driving force (21) was referred tp lborentz (1910, 1237) as a “Minkow-
skian force” Minkowskische Krajt differing from the Newtonian force by a Lorentz factor. reatz
complemented the Minkowskian force with a “Minkowskian isia@linkowskische Mas$e

90. Minkowski's argument may be summarized as follows. Ftbede nition of a 4-vector, the
following orthogonality relation holds for the driving foeR :

dx dy dz dt
Rxg=CRy 3~ CRig- D Ri— (22)
Integration of the rest-mass density over the hypersurfiacmal to the worldline of the mass point
results in the driving force components (21), but if the gnégion is to be performed instead over a
constant-time hypersurface, proper time is replaced bydionate time, such that the fourth equation
reads:md=dt.dt=d / D R{d =dt. From (22) we obtain an expression f¢, which we multiply by
d =dt:

d dt d d d

m— — DwyRy—CwRy,— Cw,R;,—: 23

dt d Cdt T Y Y de T T M dit (23)
Minkowski reasoned that since the right-hand side of (23kdbes the rate at which work is done on
the particle, the left-hand side must be the rate of changjeegbarticle's kinetic energy, such that (23)
represents the law of energy conservation. He immediatftad (23) to the kinetic energy of the

particle:

dt 1 Dm 9172 1 Dm.ijwj2C jwj*C [ (24)
1 w

d

Minkowski did not justify the latter expression, but in vig of his de n'Bion of proper timed D
dt 1 w2, the left-hand side of (23) may, be rewritten msd=dt/. 1= 1 w2/, such that upon
integration the particle's kinetic energyiis= 1 w2 C C, whereC is a constant. For agreement
with the Newtonian expression of kinetic energy in case ddlsparticle velocities\y 1), we let
C D m, which accords both with (24) and the de nition of kineticezgy given in a later lecture
(cf. note 89).

91. Jahrbuch tber die Fortschritte fir Mathemagi, 1908, 910.




S. Walter 29

of vector notation in electrodynami®é. As mentioned above, Minkowski was ill-
disposed toward quaternions, although he admitted in grattthey could be brought
into use for relativity instead of matrix calculus. He spdiere from experience, as
manuscript notes reveal that he used quaternions (in addii Cartesian-coordinate
representation and ordinary vector analysis) to investiglae electrodynamics of
moving media®® In the end, however, he felt that for his purposes quatesmegre
“too limited and cumbersome’z(1 eng und schwerfalljgp. 79).

As far as notation is concerned, Minkowski's treatment dfedential operations
broke cleanly with then-current practice. It also brokehwiite precedent of his 5
November lecture, where he had introduced, albeit parsiongty, both and Div
(see above, p. 22). For tl@rundgleichungere adopted a different approach, ex-
tending ther to four dimensions, and labeling the resulting operdtar already
encountered above in (18). The name is short for Lorentz tlameffect is the op-
eration: @=@; @=-@; @=-@; @=-@ . When applied to a 6-vector, lor results in
a 4-vector, in what Minkowski described as an appropriaadiation of the matrix
product rule (p. 89); it also mimics the effect of the ordynar. Transforming as a
4-vector, lor is liberally employed in the second part of @rindgleichungento the
exclusion of any and all particular 4-vector functiotfs The use of lor made for a
presentation of electrodynamics elegant in the extrentbeagxpense of legibility for
German physicists more used to thinking in terms of gradiativergences, and curls
(or rotations).

Minkowski's equations of electrodynamics departed rdtlida form with those
of the old electrodynamics, shocking the thought pattefphysicists, and creating a
phenomenon of rejection that took several years—and a nevafism—to overcomé®
Why did Minkowski break with this tradition? Did he feel thiéie new physics of
spacetime required a clean break with nineteenth-centastipe? Perhaps, but he
must have recognized that the old methods would prove aggigi change. His own
subsequent practice shows as much: after writing@hendgleichungemMinkowski
did not bother with lor during his private explorations oétformal side of electrody-
namics, preferring the coordinate meth¥d.

92. This trend is described by Darrigol (1993, 270). The glamtrast between the importance
assigned to vector methods in France and Germany may bealliokihe status accorded to applied
mathematics in these two nations, as discussed by H. Gispbker review of the French version of
Klein's Encyklopadi€Gispert, 2001).

93. At one point during his calculations Minkowski seemedinced of the utility of this for-
malism, remarking that electrodynamics is “predestinedafaplication of quaternionic calculations”
(Math. Archiv 60:6, 21, Handschriftenabteilung, NSUB).

94. A precedent for Minkowski's exclusive use of lor may berid in Gibbs and Wilson (1901),
wherer is similarly preferred to vector functions.

95. Cf. Max von Laue's remark that physicists understodteliof Minkowski's work because of
its unfamiliar mathematical expression (1951, 515), anda®dlg Liu's account of the dif culty ex-
perienced by Max Abraham and Gunnar Nordstréom in applyingKeivski's formalism (1991, 66).
While Minkowski's calculus is a straightforward extensiohCayley's formalism (for a summary, see
Cunningham 1914, chap. 8), the latter formalism was itsefamniliar to physicists.

96. Math. Archiv 60:5, Handschriftenabteilung, NSUB. T8 page set of notes dates from 23 May
to 6 October, 1908. A posthumously published paper on tharele-theoretical derivation of the basic
equations of electrodynamics for moving media, while putgubto be from Minkowski's Nachlass,
was written entirely by Max Born, as he acknowledged (Minkkivand Born, 1910, 527). In the latter
publication lor makes only a brief appearance.
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He also relied largely—but not exclusively—on a Cartesiaordinate approach dur-
ing his preliminary investigations of the subjects treatetthe GrundgleichungenHis
surviving research notes, made up almost entirely of syimbalculations, shed an in-
teresting light on Minkowski's path to both a theory of the@rodynamics of moving
media, and a theory of gravitation, or more generally to hi€gss of discovery. No-
tably, where the subjects of mechanics and gravitationedegated to the appendix of
theGrundgleichungerthese notes show that Minkowski pursued questions ofrelect
dynamics and gravitation in parallel, switching from onpitdo the other three times
in the course of 163 carefully numbered pages. At least riteé these pages are
speci cally concerned with gravitation; the notes are wedabut those concerning
gravitation are certainly posterior to the typescript &f :BWNovember lecture, because
unlike the latter, they feature valid de nitions of 4-veltcand 4-force.

Minkowski's attempt to capture gravitational action intex of a 4-scalar potential
is of particular interest. We recall that Minkowski had eegsed Maxwell's equations
in terms of a 4-vector potential (11) during his lecture of &vidmber, and on this
basis, it was natural for him to investigate the possibiityepresenting gravitational
force on a point mass in a fashion analogous to that of theeforca point charge
moving in an electromagnetic eld. In his scratch notes, ktiwski de ned a 4-scalar
potential” , in terms of which he initially devised the law of motion:

d 1 @” d y© @

—p— —DGQO; —p—— —DOQO;

d "1 v @ d "1 v ©@ o5
d x0 @ d 20 @ 0 (25)
—p— —DQO; —p— —DOQO;

d 1 v2 @ d 1 v @

where constants are neglectedjenotes proper time, and primes indicate differenti-
ation with respect to coordinate timg(i.e., x° D dx=dt).®’ This generalization of
the Newtonian potential to a 4-scalar potential appeargtorte of the rst paths ex-
plored by Minkowski in his study of gravitation, but his irstgyation is inconclusive.
In particular, there is no indication in these notes of a gadon on Minkowski's
part that a four-scalar potential con icts with the postekof invariant rest mass and
light velocity.®® Nor is there any evidence that he considered suspendirey eitie of
these postulates.

Likewise, in theGrundgleichungemhere is no question of adopting either a vari-
able mass density or a gravitational 4-potential. Once ldeelséablished the founda-
tions of spacetime mechanics, Minkowski took up the caseafitational attraction.

97. Math. Archiv 60:6, 10, Handschriftenabteilung, NSUB.

98. This “peculiar” consequence of Minkowski's spacetimectmanics was underlined by Maxwell's
German translator, the Berlin physicist Max B. Weinsteif14, 42). In Minkowski spacetime, 4-
acceleration is orthogonal to 4-velocityd dU =d D 0, D 1, 2, 3, 4, where is the proper
time. We assume a 4-scalar potentiabuch that the gravitational 4-forée D m@ =@ . If we
consider a point mass with 4-veloclty subjected to a 4-fordeé derived from this potential, we have
UF D U m@=@ . Writing 4-velocity asdx =d , and substituting in the latter expression, we
obtain i @ "

UFDmd@Dmd D 0;
and consequently™= d D 0, which means that the law of motion describes the trajecbdrthe
passive mass only in the trivial case of constant along its worldline.



S. Walter 31

The problem choice is signi cant, in that the same questiad been treated at length
by Poincaré (although not to Minkowski's satisfaction, asntioned above, p. 21).
Implicitly, Minkowski encouraged readers to compare mdtand results. Explic-
itly, proceeding in what he described (in a footnote) as adlytdifferent way” from
Poincaré, Minkowski said he wanted to make “plausible” ti@usion of gravitation
in the scheme of relativistic mechanics (p. 109). It will bex clear in what fol-
lows that his project was more ambitious than the modesbedaion of a plausibility
argument, as it was designed to validate his spacetime mesha

The point of departure for Minkowski's theory of gravitatievas quite different
from that of Poincaré, because the latter's results weegmated into the former's for-
malism. For example, where Poincaré initially assumed & propagation velocity
of gravitation no greater than that of light, only to opt irtlénd for a velocity equal
to that of light, Minkowski assumed implicitly from the oetsthat this velocity was
equal to that of light. Similarly, Poincaré initially supgex the gravitational force
to be Lorentz covariant, only to opt in the end for an analoghef Lorentz force,
where Minkowski required implicitly from the outset that falrces transform like the
Lorentz force.

Combining geometric and symbolic arguments, Minkowski|sasition of his the-
ory of gravitation introduces a new geometric object, thregkdimensional “ray for-
m” (Strahlgebild¢ of a given spacetime point, known today as a light hyperg¢one
lightcone). For a xed spacetime poiBt* D .x*;y*;z*;t*/, the lightcone oB* is
de ned by the sets of spacetime poifdsD .x;y; z; t/ satisfying the equation

X X*?C.y y*I?’C.z z*/°D.t t*/% t t*=0 (26)

For all the spacetime poinB of this lightcone,B* is what Minkowski calledB's
lightpoint. Any worldline intersects the lightcone in ongasetime point only, Min-
kowski observed, such that for any spacetime pBirtn a worldline there exists one
and only one lightpoinB*. Minkowski remarked in a later lecture that the lightcone
divides four-dimensional space into three regions: tikeglspacelike and lightliké®

Using this novel insight to the structure of four-dimensibspace, in combination
with the 4-vector notation set up in earlier in his memoirpkbwski presented and ap-
plied his law of gravitational attraction in two highly cogrised pages. Minkowski's
geometric argument employs non-Euclidean relations tlesewnfamiliar to physi-
cists, yet he provided no diagrams. Visually-intuitivelargents had fallen into disfa-
vor with mathematicians by this time, with the rise of theaamatic approach to ge-
ometry favored by David Hilbert (Rowe, 1997), yet Minkowslaver renounced the
use of gures in geometry; he employed them in earlier workshamber geometry,
and went on to publish spacetime diagrams in the sequel (Ginedgleichungert®
For the purposes of my reconstruction, | refer to a spaceadiagram (Figure 1) of the
sort Minkowski employed in the sequel (reproduced in Fig)ré®*

99. Minkowski introduced the ternmeitartigandraumartigin (1909).

100. Thereis little agreement on where to situate Minkoisskbrk on relativity along a line running
from the intuitive to the formal. Peter Galison (1979, 8@y}, éxample, underlines Minkowski's visual
thinking (i.e., reasoning that appeals to gures or diagsgwhile Leo Corry (1997, 275; 2004, chap. 4)
considers Minkowski's work in the context of Hilbert's axiatic program for physics.

101. Two spatial dimensions are suppressed in Figure 1,ighttdnes are represented by broken
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X*y*z*

Xyz

Figure 1 — Minkowski's geometry of gravitation, with souricearbitrary motion.

On the assumption that the force of gravitation is a 4-veotmmal to the 4-
velocity of the passive mass, Minkowski derived his law of attraction in the follow-
ing way. The trajectories of two particles of massandm* correspond to two space-
time lamentsF andF*, respectively. Minkowski's arguments refer to worldlirtes
called central linesHauptlinien) of these laments, which pass through points on the
successive constant-time hypersurfaces delimited bye$gective particle volumes.
The central lines of the lamentE andF* are shown in Figure 1. An in nitesimal
element of the central line & is labeledBC, and the two lightpoints corresponding
to the endpoint® andC are labeledB™* andC* on the central line oF *. From
the origin of the rest fram®, a 4-vector parallel t8*C* intersects af°the three-
dimensional hypersurface de ned by the equatiot? y? 2z?2Ct2 D 1. Finally, a
spacelike 4-vectdBD * extends fronB to a pointD* on the worldline tangent to the
central line ofF * atB*.

Referring to the latter con guration of seven spacetimenpgitwo central lines, a
lightcone and a calibration hypersurface, Minkowski espgegl the spatial components
of the driving force of gravitation exerted log* onm atB,

o 3
mm* % BD *: (27)

Minkowski's gravitational driving force is composed of tteter 4-vector (27) and a
second 4-vector parallel ®8*C* at B, such that the driving force is always orthog-
onal to the 4-velocity of the passive massat B. (For reasons of commodity, | will
refer to this law of force as Minkowski's rst law.)

The form of Minkowski's rst law of gravitation is comparablto that of his pon-
deromotive force for moving media (19), in that the driviogde has two components,
only one of which depends on the motion of the test particlehé gravitational case,

lines with slope equal to 1, the units being chosen so that the propagation velocitigbf is unity

(c D 1). In this model of Minkowski space, orthogonal coordinatesappear oblique in general, for
example, the spatial axes'y*z* are orthogonal to the tangeBf*C* at spacetime poirB* of the
central line of the lamenf * described by a particle of proper mass.
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/F =

B (xy.z) D* (0,0,0%)
m \\\ m* ///

] B* (0,0,01)

/ X*y*z* O (0,0,0,0)

Figure 2 — Minkowski's geometry of gravitation, with souriceuniform motion.

however, Minkowski did not write out the 4-vector comporseint terms of matrix
products. Instead, he relied on spacetime geometry andethé@idn of a 4-vector.
The only way physicists could understand (27) was by reféatmg it in terms of
ordinary vectors referring to a conveniently chosen iakftame, and even then, they
could not rely on Minkowski's description alone, as it isameplete 102

Even without spacetime diagrams or a transcription intanamy vector notation,
the formal analogy of (27) to Newton's law is readily appdreand this is probably
why Minkowski wrote it this way. In doing so, however, he padsip an opportunity

102. The 4-vecto©A®in (27) has unit magnitude by de nition in all inertial framewhileB*D* is

a timelike 4-vector tangent to the central lineFof atB*. Consequenthy8 *D* may be taken to coin-
cide with the temporal axis of a frame instantaneously atwéh m* atB*, such that it has only one
nonzero component: the difference in proper time betweemtintsB* andD*. It is assumed that
the rest frame may be determined unambiguously for a pevitichrbitrary motion, as asserted with-
out proof by Minkowski in a later lecture (1909, § Ill); sulgsently, Max Born (1909, 26) remarked
that any motion may be approximated by what he called hygierbmtion, and noted that such mo-
tion is characterized by an acceleration of constant madei{as measured in an inertial frame). If
we locate the origin of this frame &*, and letD* D .0;0;0;t/, thenB*D* D .0;0;0;it/, and
.B*D*/3 D it3. Likewise in this same framé& D A°D .0;0;0; 1/, andOA°D OA D .0;0;0;i/.
Minkowski understood the ternDA%=B*D*/ as the ratio Verhaltni of two parallel 4-vectors, an
operation familiar from the calculus of quaternions, bu¢ et de ned for 4-vectors. While modern
vector systems ignore vector division, in Hamilton's quatenic calculus the quotient of vectors is
unambiguously de ned; see, for example, Tait (1882—1884pc 2). Accordingly, the quotientin (27)
is the ratio of lengths,OAB*D*/ D 1=t, and the cubed ratio is 3. The pointB lies on the same
constant-time hypersurfaceB$, so we assign it the value;y;z;t/ D .r;t/. This assignment deter-
mines the value of the 4-vectBD *: B*D* D . Xx; y; z;0/ D . r;0/. SinceB* is a lightpoint of
B, we can apply (26) to obtax? C y2C z? D t? D r?, and consequently? D r3. Substituting fott3
results in.OA=B*D*/3 D 1=t D 1=r3. The 4-vectoB*D* is spacelike, such that its projection on
the constant-time hypersurface orthogonaBf® * atD* is the ordinary vector x; y; z/ D r.

In terms of ordinary vectors and scalars measured in théreese ofm*, Minkowski's expression (27)
is equivalent to Newton's law (neglecting the gravitatiboanstant):

mm* — (28)
Neither (27) nor (28) contains any velocity-dependent teriwhile the timelike component of

Minkowski's rst law depends on the velocity of the passivass. Newton's law (28) thus coincides
with Minkowski's rst law only in the case of relative rest.
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to employ the new matrix machinery at his disposal. Had heeskthis opportunity,
he would have gained a simple, self-contained, coordifraeeexpression of the law
of gravitation, and provided readers with a more elaboresenple of his calculus in
action, but the latter desiderata must not have been amsngihiary objectives®
Minkowski was not yet nished with his law of gravitation. Uke Poincaré,
after writing his law of gravitation, Minkowski went on to ply it to the particular
case of uniform rectilinear motion of the sounc®. He considered the latter in a
comoving frame, in which the temporal axis is chosen to ddmevith the tangent
to the central line oF * atB* (cf. the situation described in note 102). Referring to
the reconstructed spacetime diagram in Figure 2, the teathpris is represented by a
vertical lineF*, such that the origin is established in a frame comoving with To
the retarded position ah*, denotedB™*, Minkowski assigned the coordinates (0, 0,
0, *), and to the positioB of the passive massa he assigned the coordinates ¢,
z, t/. The geometry of this con guration xes the location bf* at (0, 0, 0,t), from
which the 4-vector8D* D . x, y, z,0/ andB*D* D .0;0;0;i.t */| are
determined. In this case, Minkowski pointed out, (26) rexuto:

x2Cy?CzZ2D .t */% (29)

Substituting the above values BD * andB*D* into Minkowski's formula (27), the
spatial components of the 4-acceleration of the passive mag B due to the active
massm* atB* turn out to bel%

d?x m*x d?y m*y d?z m*z

az° T p a0 % o agzP 1o 9

103. Minkowski's driving force may be expressed in his niotats a function of scalar products of
4-velocities and 4-position:
WWE/R o wRIw*

RN/ 3w/

Here | letw andw* designate 4-velocity at the passive and active mass paihtie R is the associated
4-position, the parentheses denote a scalar product, arizhttindicates transposition.

104. The intermediate calculations can be reconstructedlass. Let the driving force be designated
F, D 12,34 Since.OA=B*D*/® D t 3, andBD* D . x, Yy, z 0/, equations (21)
and (27) yield:F;=m D d?x=d 2 D m*x=t */3, F,=m D d%y=d 2D m*y=t */3,
Fs=mD d2z=d 2D m*z=t */3.
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From (30) and (29), the corresponding temporal compondéhiasay be determined?

d2tD m* d.t ¥/

33
d? A F2 dt (33)

Inspecting (30), it appears that the only difference betwtbese acceleration compo-
nents and those corresponding to Newtonian attractiondplacement in the latter of
coordinate time by proper time . 106

The formal similarity of (30) to the Newtonian law of motionder a central force
probably suggested to Minkowski that his law induces Kegptetrajectories. With
the knowledge gained from (30), to the effect that the onffeténce between clas-
sical and relativistic trajectories is that arising frone thubstitution of proper time
for coordinate time, Minkowski demonstrated the compatibof his relativistic law
of gravitation with observation using only Kepler's equatiand the de nition of 4-
velocity.

Writing Kepler's equation in terms of proper time yields:

n DE esinE; (34)

wheren denotes the mean anomadythe eccentricity, an& the eccentric anomaly.
Minkowski referred to (34) and to the norm of a 4-velocity tac

dx2C dy ZC dzZD dt 2

q d d d L (35)

in order to determine the difference between the mean aryamabordinate timant
and the mean anomaly in proper time. From (35), Minkowski deduced®’

dt 2 1D m* 1C ecoskE

— 37
d ac2 1 ecosE (37)

105. Minkowski omitted the intermediate calculations, ebhimay be reconstructed in mod-
ern notation as follows. Let the 4-velocity of the passivessmaoint be designated D
.dx=d ; dy=d ; dz=d ; idt=d /, while the rst three components of its 4-acceleration,igeated
A , at B due to the sourcen* are given by (30). From the orthogonality of 4-velocity and 4
acceleration we have:

dx m*x dy m*y dz m*z idt id2t

UA D —

— ———DO: 1
d .t * d.t *% d.t *° d d? 0 (31)

Rearranging (31) results in an expression for the temporaponent of 4-acceleration:

d2t m* xdx _ ydy _ zdz
—C — 2
d ? . ¥[8 dt dt c dt (32)

Differentiating (29) with respect tdt results inxdx =dt C ydy=dt C zdz=dt D .t  */d.t  */=dt,
the right-hand side of which we substitute in (32) to obt&i8)(

106. A young Polish physicist in Goéttingen, Felix Joachimdieniewski later studied this case, but
with equations differing from (30) by a Lorentz factor (181388). In a postscript to the second
installment of his paper (1913b, 676), he employed Minkawskatrix notation, becoming, with Max
Born, one of the rare physicists to adopt this notation.

107. The intermediate calculations were omitted by MinKawsut gure among his research notes
(Math. Archiv 60:6, 126—127, Handschriftenabteilung, N§UFollowing the method outlined by Otto
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Solving (37) for the coordinate timdt, expanding to terms in 2, and multiplying
by n led Minkowski to the expression:

1 m* 1C ecosE
ndtDnd 1C=- ———— (38)
2ac?2 1 ecosE

Recalling (34), Minkowski managed to express the diffeedmetween the mean anom-
aly in coordinate time and proper tin&?

1 m* m* .
ntCconstD 1C-— n C —esinE: (39)
2 ac? ac?

Evaluating the relativistic factam*=ac? for solar mass and the Earth's semi-major
axis to bel0 8, Minkowski found the deviation from Newtonian orbits to begtigible
in the solar system. On this basis, he concluded that

a decisiomgainstsuch a law and the proposed modi ed mechanics in fa-
vor of the Newtonian law of attraction with Newtonian mecitarwould
not be deducible from astronomical observatidfs.

According to the quoted remark, there was more at stake fer®lihkowski than
just the empirical adequacy of his law of gravitationalattion, as his claim is for
parity between Newton's law and classical mechanics, onhamel, and theystem
composed of the law of gravitation and spacetime mechami¢eeother hand. This
new system, Minkowski claimed, was veri ed by astronomiidservations at least as
well as the classical system formed by the Newtonian lawtcdetion and Newtonian
mechanics.

Instead of comparing his law with one or the other of Poinsdagvs, Minkowski
noted a difference imethod as mentioned above. In light of Minkowski's emphasis
on the methodological difference with Poincaré, and theridytpeometric-symbolic
nature of Minkowski's exposition, it is clear that the poafireexamining the problem
of relativity and gravitation in th&rundgleichungemwas not simply to make plausible
the inclusion of gravitation in a relativistic framework.atRer, since gravitational
attraction was the only example Minkowski provided of hisnfialism in action, his

Dziobek (1888, 12), Minkowski began with the energy intégfdeplerian motion:

dt 2 2 M
W 1D < R c ; (36)
where™ denotes the velocity of lightyl is the sum of the masses times the gravitational constant,
M D k?.m C m*/, R is the radius, and is a constant. The left-hand side of (36) is the same
as the right-hand side of (35) f#&W D . In order to expresslt=dW (which is to saydt=d )
in terms of E, Minkowski considered a conic section in polar coordinateith focus at the origin:

R D al €?/=.1Cecos/ D al ecosE/,whereadenotes the semi-major axis, ands the
true anomaly. By eliminating in favor of E ande, and differentiating (34), Minkowski obtained an
expression equivalent to (37).

108. linsert the eccentricity in the second term on the right-hand side, correcting anooisvbmis-
sion in Minkowski's paper (1908, 111, eqgn. 31).

109. “...eine Entscheidurgegenein solches Gesetz und die vorgeschlagene modi zierte Isieikh
zu Gunsten des Newtonschen Attraktionsgesetzes mit detddeshen Mechanik aus den astronomis-
chen Beobachtungen nicht abzuleiten sein” (1908, 111).
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Figure 3 — Minkowski's spacetime diagram of particle intgian (1909, 86).

line of argument served tealidatehis four-dimensional calculus, over and above the
requirements of plausibility.

From the latter point of view, Minkowski had grounds for s#iction, although
one imagines that he would have preferred to nd that his laxerded from Newton's
law just enough to account for the observed anomalies. hdstéao reason that if
Minkowski had been fully satis ed with his rst law, he wouldot have proposed
a second law in his next paper—which turned out to be the kstduld nish for
publication. The latter article developed out of a well-wmolecture entitled “Space
and Time” Raum und Ze)t delivered in Cologne on 21 September, 1908, to the
mathematics section of the German Association of Scienéistl Physicians in its
annual meeting (Walter, 1999a, 49).

Inthe nal section of his Cologne lecture, Minkowski took tife Lorentz-Poincaré
theory, and showed how to determine the eld due to a pointgd& arbitrary mo-
tion. On this occasion, just as in his earlier discussionraf/igation in theGrund-
gleichungenMinkowski referred to a spacetime diagram, but this timephevided
the diagram (Figure 3). Identifying the 4-vector potentiamponents for the source
charge on this diagram, Minkowski remarked that the Liénakdchert law was a
consequence of just these geometric relatitifis.

Minkowski then described the driving force between two pohmarges. Adopting

110. Minkowski's explanation of the construction of his spime diagram (Figure 3) may be para-
phrased in modern terminology as follows. Suppressingihgis, we associate two worldlines with
two point charge®; ande. The worldline ofe; passes through the point at which we wish to deter-
mine the eld,P;. To nd the retarded position of the souregwe draw the retrograde lightcone (with
broken lines) fronP1, which intersects the worldline efat P, where there is a hyperbola of curvature
%with three in nitely-near points lying on the worldline &; it has its center aM . The coordinate
origin is established &, by letting thet-axis coincide with the tangent to the worldline. A line from
P, intersects this axis orthogonally at po@t it is spacelike, and if its projection on a constant-time
hypersurface has length the length of the 4-vectd?Q is r=c. The 4-vector potential has magnitude
e=r and points in the direction &¥Q (i.e., parallel to the 4-velocity af atP ). Thex-axis lies parallel
to QP 1, such thalN is the intersection of a line through normal to thex-axis.
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dot notation for differentiation with respect to proper ¢éinie wrote the driving force
exerted on an electron of chargeat pointP; by an electron of charge

eeqe B — K; (40)

whereR and)d, are 4-velocity components of the test chaegeandK is a certain 4-
vector. This was the rst such description of the electraayic driving force due to a
4-vector potential, the simplicity of which, Minkowski ¢haed, compared favorably
with the earlier formulations of Schwarzschild and Lorehtz

In the same celebratory tone, Minkowski nished his artiglgh a discussion
of gravitational attraction. The “reformed mechanics” di@med, dissolved the dis-
turbing disharmonies between Newtonian mechanics anttetgmamics. In order to
provide an example of this dissolution, he asked how the Nie\ah law of attraction
would sit with his principle of relativity. Minkowski contiued:

| willassume that if two point masses, m; describe worldlines, a driving
force vector is exerted byp onmy, exactly like the one in the expression
just given for the case of electrons, except that insteades , we must
now put inCmm;.

Applying the substitution suggested by Minkowski to (40§ @btain:

mm; B % K; (41)

where the coef cientam and m; refer to proper masses. Minkowski's new law of
gravitation (41) fully expresses the driving force, unlike formula (27) of his rst
law, which describes only one component. In addition, tvedtors are immediately
identi able from the notation alone. (In order to distingbithe law given in the
Grundgleichungeifrom that of the Cologne lecture [41], | will call [41] Minkaoski's
second law.)

Since (40) was obtained from Lorentz-Poincaré theory viavaator potential,
the law of gravitation (41) ostensibly implied a 4-vectottgrttial as well; in other
words, following the example set by Poincaré's second lady, (Winkowski appealed
in turn to a Maxwellian theory of gravitation similar to thesf Heaviside, Lorentz,
and Gans'*? Although Minkowski made no effort to attach his law to thesad
theories, it was understood by Sommerfeld to be a formalemunsnce of just such a
theory, as | will show in the next section.

What were the numerical consequences of this new law? Miskogpared the
reader the details, noting only that in the case of uniforntiomaf the source, the only

111. Minkowski noted four conditions df: it is normal to the 4-velocity o0&, atP;, cK; Ky D
1=r2, Ky D R=.c?r/, andK, D 0, wherer is the spacelike distance between the test cheyrge P,
and the advanced positi@ of the sources, andyRis they-component of e's 4-acceleration at P. For
a derivation of the 4-potential and 4-force correspondiniglinkowski's presentation, see Pauli (1921,
644-645).

112. See above, p. 5, Heaviside (1893), and Gans (1905) ri€kao which the gravitational eld is
determined by equations having the form of Maxwell's equagiwere later termed vector theories of
gravitation by Max Abraham (1914, 477). For a more recensioarof such a theory, see Coster and
Shepanski (1969).
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divergence from a Keplerian orbit would stem from the reptaent of coordinate
time by proper time. He indicated that the numbers for thsedaad been worked
out earlier, and his conclusion with respect to this new |laas waturally the same:
combined with the new mechanics, it was supported by astnarad observations to
the same extent as the Newtonian law combined with classieahanics.

Curiously enough, Minkowski offered no explanation of tleed for a second law
of attraction. Furthermore, by proposing two laws insteadrn®e, Minkowski tacitly
acknowledged defeat; despite his criticism of the Poirlsapproach (see above,
p. 21), he could hardly claim to have solved unambiguougytioblem of gravitation.
It may also seem strange that Minkowski discarded the @iffees between his new
law (41) and the one he had proposed eariér.

Minkowski revealed neither the motivation behind a secamddf gravitation, nor
why he neglected the differences between his two laws, lenetis a straightforward
way of explaining both of these mysteries. First, we redal ¢circumstances of his
Cologne lecture, the nal section of which Minkowski devdt® the theme of restor-
ing unity to physics. What he wanted to stress on this ocoasis that mechanics
and electrodynamics harmonized in his four-dimensionaése of things:

In the mechanics reformed according to the world postuthtedisturb-
ing disharmonies between Newtonian mechanics and modectredly-
namics fall out on their owrt*

To support this view, Minkowski had to show that his refornmedchanics was a
synthesis of classical mechanics and electrodynamics. Yadbian theory of grav-
itation t the bill quite well, and consequently, Minkowskirought out his second
law of gravitation (41). Clearly, this was not the time to moout thedifferences
between his two laws. On the contrary, it was the perfect ©iocato observe that
a law of gravitation derived from a 4-vector potential foflpadentical to that of
electrodynamics was observationally indistinguishatdeffNewton's law. Naturally,
Minkowski seized this opportunity.

Sadly, Minkowski did not live long enough to develop his idean gravitation
and electrodynamics; he died on 12 January, 1909, a few dtgrsumdergoing an
operation for appendicitis. At the time, no objections toedd theory of gravitation
analogous to Maxwell's electromagnetic theory were knoapart from Maxwell's
own sticking-points (see above, p. 6). However, additiofgtctions to this approach
were raised by Max Abraham in 1912, after which the Maxwelagproach withered
on the vine, as Gustav Mie and others pursued uni ed theafiedectromagnetism
and gravitation'®

113. Minkowski's neglect of the differences between his tiiveories may explain why historians
have failed to distinguish them. The principal differene¢teen the two laws stems from the presence
of acceleration effects in the second law. By 1905 it was kmtivat accelerated electrons radiate en-
ergy, such that by formal analogy, a Maxwellian theory of/gedion should have featured accelerated
point masses radiating “gravitational” energy. For a boeérview of research performed in the rst
two decades of the twentieth century on the energy radiated &ccelerated electrons, see Whittaker
(1951-1953, 2:246).

114. “In der dem Weltpostulate gemaf reformierten Mechgati&n die Disharmonien, die zwischen
der Newtonschen Mechanik und der modernen Elektrodynasskogt haben, von selbst aus” (1909,
85).

115. Abraham showed that a mass set into oscillation wouldhlstable due to the direction of energy
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Minkowski's rst law of gravitation fared no better than hgecond law, but the
four-dimensional language in which his two laws were codchad a bright future.
The rst one to use Minkowski's formal ideas to advantage \Basnmerfeld, as we
will see next.

3 Arnold Sommerfeld's hyper-Minkowskian laws of
gravitation

Neither Poincaré's nor Minkowski's work on gravitation aredativity drew com-
ment until 25 October, 1910, when the second installmentrobAl Sommerfeld's
vectorial version of Minkowski's calculus, entitled “Fedimensional vector analy-
sis” (Vierdimensionale Vektoranalysjgppeared in thAnnalen der Physik1910b).
Sommerfeld's contribution differs from those of Poincaré avlinkowski in that it
is openly concerned with the presentation of a new formalisnch as its title indi-
cates. In this section, | discuss Sommerfeld's interesteictars, the salient aspects
of his 4-vector formalism, and his portrayal of Poincarésl aMinkowski's laws of
gravitation.

Sommerfeld displayed a lively interest in vectors, begignwith his editorship
of the physics volume of Klein's six-volurm&ncyklopadieén the summer of 189816
He imposed a certain style of vector notation on his contiiguauthors, including
typeface, terminology, symbolic representation of openat units and dimensions,
and the choice of symbols for physical quantities. Artidi2go 14 of the physics vol-
ume appeared in 1904, and were the rstto implement the lmotatheme backed by
Sommerfeld, laid out the same year in fRkysikalische Zeitschrift!” While Som-
merfeld belonged to the Vector Commission formed at Felieiié behest in 1902, it
was clear to him as early as 1901 that the article on Maxwlésry (commissioned
to Lorentz) would serve as a “general directive” for futurerkin electrodynamics?®
His intuition turned out to be correct: the principal “vectof in uence was Lorentz's
Article 13 (1904b), featuring sections on vector notatiod algebra, which setde
factostandard for vector approaches to electrodynamics.

As mentioned above (p. 17), only one effort to extend Po#isdour-dimensional
approach beyond the domain of gravitation was publishext priMinkowski'sGrund-
gleichungenBy 1910, the outlook for relativity theory had changed duthe author-
itative support of Planck and Sommerfeld, the announcemiestperimental results
favoring Lorentz's electron theory, and the broad diffus{om 1909) of Minkowski's
Cologne lecture. Dozens of physicists and mathematiciagarbto take an interest in
relativity, resulting in a leap in relativist publicatiar¥’

ow (Norton, 1992, 33). On the early history of uni ed eld #ories, see the reference in note 12.
116. Sommerfeld's work on thEncyklopédids discussed in an editorial note to his scienti c corre-
spondence (Sommerfeld, 2001-2004, 1:40).

117. Reiff and Sommerfeld (1904); Lorentz (1904b,c); Somielé (1904). The scheme proposed
by Sommerfeld differed from that published in articles 12ltbof theEncyklopadieonly in that the
operands of scalar and vector products were no longer depdrg a dot.

118. Sommerfeld to Lorentz, 21 March, 1901, Sommerfeld {22004, 1:191). On Sommerfeld's
participation on the Commission see Reich (1996) and SofetdgP001-2004, 1:144).

119. For bibliometric data, and discussions of Sommemrgeidle in the rise of relativity theory, see
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The principal promoter of Minkowskian relativity, Sommeld must have felt by
1910 that it was the right moment to introduce a four-dimenai formalism. He was
not alone in feeling this way, for three other formal apptescbased on Minkowski's
work appeared in 1910. Two of these were 4-vector systemslasiin some re-
spects to Sommerfeld's, and worked out by Max Abraham andtherican physical
chemist Gilbert Newton Lewis, respectively. A third, noeetorial approach was
proposed by the Zagreb mathematician Vladimir ¥aki. Varcak's was a real, four-
dimensional, coordinate-based approach relying on hyierpeometry. Sommerfeld
probably viewed this system as a potential rival to his owpraach; although he did
not mention Vargak, he wrote that a non-Euclidean approach was possibleoloid
not be recommended (1910a, 752, note 1). Of the three ditegadao Sommerfeld's
system, the non-Euclidean style pursued by &&liand others was the only one to
obtain even a modest following. An investigation of the oeasfor the contemporary
neglect of these alternative four-dimensional approachiesyond the purview of our
study; for what concerns us directly, none of these methadsapplied to the problem
of gravitation 1?°

Sommerfeld's paper, like those of Abraham, Lewis, and &&ltj emphasized for-
malism, and in this it differed from th&rundgleichungeras mentioned above. Like
the latter work, it focused attention on the problem of gi@ion. Following the ex-
ample set by both Poincaré and Minkowski, Sommerfeld cappetivo-partAnnalen
paper with an application to gravitational attraction, e¥hconsisted of a reformu-
lation, comparison and commentary of their work in his ommi& Not only was
Sommerfeld's comparison of Poincaré's and Minkowski's $ao¥ gravitation the rst
of its kind, it also proved to be the de nitive analysis fostgeneration.

Sommerfeld's four-dimensional vector algebra and anslgdiered no new 4-
vector or 6-vector de nitions, but it introduced a suite e¥dctor functions, notation,
and vocabulary. The most far-reaching modi cation withgest to Minkowski's cal-
culus was the elimination of lor (cf. p. 29) in favor of exteadversions of ordinary
vector functions. In Sommerfeld's notational scheme, trdinary vector functions
div, rot, and grad (used by Lorentz in Hecyklopadiearticle on Maxwell's theory)
were replaced by 4-vector counterparts marked by a leadipdat letter: Div, Rot,
and Grad. These three functions were joined by a 4-vectargi@dnce marked by
German typefacediv. Sommerfeld chose to retain (cf. note 20), while noting the
equivalence to his 4-vector functions: D Div Grad. The principal advantage of the
latter functions was that their meaning was familiar to pbigés. In the same vein,
Sommerfeld supplanted Minkowski's unwieldy terminolody‘spacetime vectors of
the rst and second type’Raum-Zeit-Vektorerfl und II*®" Art) with the more succinct
“four-vector” (Vierervekto) and “six-vector” Sechservektdr The result was a com-
pact and transparent four-dimensional formalism diffgras little as possible from
the ordinary vector algebra employed in the physics volufiteeEncyklopadie*?!

Walter (1999a, 68—73), and (1999b, 96, 108).

120. See Abraham (1910); Lewis (1910a,b); Waki (1910). On Vadak's contribution see Walter
(1999Db).

121. Not all of Sommerfeld's notational choices were regdiby later investigators; Laue, for in-
stance, preferred a notational distinction between 4ere@nd 6-vectors. For a summary of notation
used by Minkowski, Abraham, Lewis, and Laue, see Reich (1994
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To show how his formalism performed in action, Sommerfeldt took up the
geometric interpretation and calculation of the electradyic 4-vector potential and
4-force. In the new notation, Sommerfeld wrote the eleginadnic 4-forceK between
two point charges andey in terms of three components in the direction of the ligletlik

4-vectorR, the source 4-velocitl , and the 4-acceleratid’:
!

2
€& ¢ 'RE?/.BOB/C.BOEP/ R:

c.RB /? .RB/

4 Krp D

2 RB
€@ ¢ ! BoRIB: (42)
CRB/2 .RB/
eqy ¢ .RBY
CRB/2 .RB/

4 Kg D

4 KgD .BoR/B;

where parentheses indicate scalar products. Sommerfeldaveful to note the equiv-
alence between (42) and what he called Minkowski's “geoimetiie” (40).

In the ninth and nal section of his paper, Sommerfeld tookthe law of elec-
trostatics and the classical law of gravitation. The formvas naturally considered
to be a special case of (42), with two point charges relgtiaélrest. The same was
true for the law of gravitation, as Sommerfeld noted that kdinski had proposed a
formal variant of (40) as a law of gravitational attractievh@t | call Minkowski's sec-
ond law, [41]). Sommerfeld's expression of the electrodyitad-force is unwieldy,
but takes on a simpler form in case of uniform motion of therse® D 0). Ne-
glecting the4 factor, and substituting mmg for Ceeg), Sommerfeld expressed the
corresponding version of Minkowski's second law:

BoB/R .BoR/B

mmMmgyC
0 RB /3

(43)

The latter law is compact and self-contained, in that itsriptetation depends only on
the de nitions and rules of the algebraic formalism. In thense, (43) improves on
the Minkowskian (41), even if it represents only a speciakoaf the latter law.

Once Sommerfeld had expressed Minkowski's second law irowis terms, he
turned to Poincaré's two laws. The transformation of Pai@sarst law was more
laborious than the transformation of Minkowski's second.ldirst of all, Sommer-
feld transcribed Poincaré's rst law (9) into his 4-vectastation, while retaining the
original designation of invariants. This step itself wag simnple: in order to cast
Poincaré's kinematic invariants as scalar products of eters, Sommerfeld had to
adjust the leading sign of (9), to obtain:

koK 1
mmo B3C

1
CR —AB : (44)

Sommerfeld noted the “correction” of what he called an “clog sign error” in (9)122
The difference is due to Poincaré’s irregular derivatiothef kinematic invariants (1),
as mentioned above (p. 9), although from Sommerfeld's rkmtas not clear that he
saw it this way.

122. “Mit Umkehr des bei Poincaré offenbar versehentlicienrzeichens” (1910b, 686, note 1).
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Figure 4 — Sommerfeld's illustration of the two laws of gitasion (1910b, 687).

The transformation of Poincaré's second law (10) was lessg$itforward. It ap-
pears that instead of deriving a 4-vector expression aseiptévious case, Sommer-
feld followed Poincaré's lead by eliminating the Lorentw-riant factoiC from the
denominator on the right-hand side of the rst law (44), whresults in the equation:

koK 1

D CR 1AB - (45)
mmo B3 c '

Sommerfeld expressed Poincaré's kinematic invaridnt8, andC as scalar prod-
ucts:

1 1 1

AD -.RBy/, BD -.RB/ CD —Z.BOB/: (46)

c c C
He also replaced the mass temflin (44) and (45) by the product of rest masg and
the Lorentz factoko, i.e.,m°D mgko. At this point, he could express Poincaré's two
laws exclusively in terms of constants, scalars, and 4evsct

,.BoB/R .BoR/B

47

MMt —PB 5 B,B/ (47)
.By,B/R .B,R/B

mmgpC 48

0 RB /3 (48)

In the latter form, Sommerfeld's (approximate) version oinkbwski's second law
(43) matches exactly his (exact) version of Poincaré's seédaw (48). Sommerfeld
pointed out this equivalence, and noted again that therdiffee between (47) and (48)
amounted to a single factor, in the scalar product of 4-véésc C D .B (B /=c?.
(All six Lorentz-invariant laws of gravitation of Poincam®linkowski, and Sommer-
feld are presented in Table 1.) Sommerfeld summed up hi#t l®ssaying that when
the acceleration of the active mass is neglected, Minkdsvskiecial formulation of
Newton's law (41) is subsumed by Poincaré's indeterminatentilation. In other
words, the approximate form of Minkowski's second law waptaeed by Poincaré's
remark that his rst law (9) could be multiplied by an unlira@ number of Lorentz-
invariant quantities (within certain constraints).

The message of the basic equivalence of Poincaré's paima @ Minkowski's
pair echoes the latter's argument in his Cologne lecturé¢heceffect that spacetime
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mechanics removed the disharmonies of classical mechamibslectrodynamics (see
above, p. 39). This message was reinforced by Sommerfetafshical representation
of the 4-vector components of these laws in a spacetimeatagreproduced in Fig-
ure 4. The 4-vector relations in (47) and (48) are shown ingbee; the worldline of
the active mass appears on the left-hand side of the diagram, and th&ln¢which
coincides withR) lies on the retrograde lightcone from the originon the worldline
of the passive massyg. All three 4-vectors in (47) and (48R, B o, andB ¢ are rep-
resented in the diagram, along with an angleorresponding to the Lorentz-invariant
C D cos distinguishing (47) and (48)?°

So far, Sommerfeld had dealt with three of the four laws o¥igasion, leaving
out only Minkowski's rst law. Since Minkowski's presentiain of his rst law was
a purely geometric affair, Sommerfeld had no choice but ¢omstruct his argument
with reference to a spacetime diagram describing the coegsrof (27) in terms of
the angle and a fourth 4-vectofs . He showed the numerator in (47) and (48) to be
equal to the productB (B /S, and expressed the denominator of (48) in terms of the
lengthR° of the 4-vectoiR °in Figure 4, to obtain the formula:

K D mmg cos (49)

RE’

which he showed to be equivalent to (47). Eliminating theda€ D cos from the
latter equation, Sommerfeld obtained an expression fori(d&rms ofS :

mmeS

KD RG

(50)
The latter two driving force equations, (49) and (50), wéarestrendered geometrically
by Sommerfeld, facilitating the comprehension of theimpesgive vector-symbolic
expressions (47) and (48).

In general, the driving force of (49) is weakeeteris paribusthan that of (50) due
to the cosine in the former, but Sommerfeld did not devel@gdiresults numerically,
noting only that the four laws were equally valid from an erigail standpoint:?*
He noted that Poincaré's analysis allowed for several ddves, but that in all cases,
one sticking-point remained: there was no answer to thetigumesf how to localize
momentum in the gravitational eld.

By rewriting Poincaré's and Minkowski's laws in his new 4eter formalism,
Sommerfeld effectively rationalized their contributidns physicists. The goal of his

123. Sommerfeld explained Figure 4 roughly as follows: tkews4-velocitiedB andB o determine
a three-dimensional space, containing all the lines sh@®amtsOLSAP are coplanar, while the tri-
anglesDQT andOTS, and the parallelograttlQTS all generally lie in distinct planes. In particular,
T lies outside the plane @LSAP , andOT is orthogonal tdB 3. The broken vertical liné repre-
sents the temporal axis of a frame with orign a spacelike plane orthogonallt@t O intersects the
worldline of m at pointA. The spacelike 4-vectdr ®is orthogonal td , while S is orthogonal ta o;
bothR%andS intersect the origin, whil® andB ( together form an angle.

124. This view was con rmed independently by the Dutch asbroer W. de Sitter, who worked out
the numbers for the one-body problem (de Sitter, 1911). BMerSound the second law to require
a post-Newtonian centennial advance in Mercury's perametf 7°0 while the rst law required no
additional advance. His gure for the second law agrees withone given by Poincaré (see above,
p. 15).
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paper, announced at the outset, was to display the “remiarkabpli cation of elec-
trodynamic concepts and calculations” resulting from “kowski's profound space-
time conception.??> Actually, Sommerfeld's comparison of Poincaré's and Miwsti's
laws of gravitation was designed to shds formalism in an attractive light. In
realizing this comparison in his own formalism, Sommerfefdoothed out the id-
iosyncrasies of Poincaré's method, inappropriately legdiim a 4-vector approach.
He felt that Poincaré had “already employed 4-vectors” (91685), although as
shown in the rst section, Poincaré's use of four-dimensiloentities was tightly cir-
cumscribed by the objective of formulating Lorentz-ingatis. In Thomas Kuhn's
optical metaphor (1970, 112), Sommerfeld read Poincanésry through a Minkow-
skian lens; in other words, he read it as a spacetime theoryS&mmerfeld, no less
than for Minkowski, the discussion of gravitation and refi&g was modulated by the
programmatic objective of promoting a four-dimensionahialism. Satisfying this
objective without ignoring Poincaré's work, however, megtionalizing Poincaré's
contribution 126

Sommerfeld's reading of Minkowski's second law contrasihws muted exposi-
tion in the original text (see above, p. 39), in that he gaypeide of place with respect
to the other three laws. This change in emphasis on Somrderfert re ects his
own research interests in electrodynamics, and his outboothe future direction of
physics?’ But what originally motivated him to propose a 4-dimensidaemalism?
The inevitability of a 4-dimensional vector algebra as angéad tool of the physi-
cist was probably a foregone conclusion for him by 1910, shelh the promotion
of the ordinary vector notation used in tBacyklopadieobliged him to propose es-
sentially the same notation for 4-vectors. Sommerfeldrreéemodestly to his work
as an “explanation of Minkowskian ideas” (1910a, 749), mita explained to his
friend Willy Wien, co-editor with Planck of thénnalen der PhysikMinkowski's
original 4-vector scheme had evolved. “The geometricatesyatics” Sommerfeld
announced, “is now hyper-Minkowskiad?® In the same letter to Wien, Sommerfeld
confessed that his paper had required substantial effudtha expressed doubt that
it would prove worthwhile. Sommerfeld displayed eithergisgsm or modesty here,
but in fact his effort was richly rewarded, as his streantifeur-dimensional algebra
and analysis quickly won both Einstein's praise and the demce of his contempo-
raries 12°

Sommerfeld's work was eagerly read by young theoreticalspiists raised in

125. “In dieser und einigen anschlielenden Studien mochtdarstellen, wie merkwirdig sich die
elektrodynamischen Begriffe und Rechnungen vereinfacenn man sich dabei von der tiefsinnigen
Raum-Zeit-Auffassung Minkowskis leiten 1aRt” (Sommedfel910a, 749).

126. Faced with a similar situation in his Cologne lectureSeptember, 1908, Minkowski simply
neglected to mention Poincaré's contribution; see Waltép0a, 56).

127. Sommerfeld later preferred Gustav Mie's eld theorygodvitation. Such an approach was more
promising than that of Poincaré and Minkowski, which grasgeavitation “to some extent as action at
a distance” (1913, 73).

128. “Die geometrische Systematik ist jetzt hyper-minkikash” (Sommerfeld to Wien, 11 July,
1910, Sommerfeld 2001-2004, 1:388).

129. Einstein to Sommerfeld, July, 1910, Einstein (1993-2417); Sommerfeld (2001-2004, 1:386—
388). In light of Einstein and Laub's earlier dismissal ofridowski's formalism (see above, p. 28),
Sommerfeld naturally supposed that Einstein would disaypof his system, prompting the protest:
“Wie kénnen Sie denken, dass ich die Schdnheit einer soldnégrsuchung nicht zu schatzen wiisste?”
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the heady atmosphere of German vectorial electrodynar@ios. of the early adepts
of Sommerfeld's formalism was Philipp Frank (1884—-1966howvas then a Privat-
dozent in Vienna. By way of introduction to his 1911 studylo# t orentz-covariance
of Maxwell's equations, Frank described the new four-disienal algebra as a com-
bination of “Sommerfeld's intuitiveness with Minkowskilmathematical elegance”
(1911, 600). He recognized, however, that of late, phytsidiad been overloaded
with outlandish symbolic systems and terminology, and psechto stay within the

boundaries of Sommerfeld's system, at least as far as tlipassible.

Physicists were indeed inundated in 1910-1911 with a bewiid array of new
symbolic systems, including an ordinary vector algebra@BtForti and Marcolongo,
1910), and a quaternionic calculus (Conway, 1911), in audito the hyperbolic-
coordinate system and three 4-vector formalisms alreadytioreed. By 1911, 4-
vector and 6-vector operations featured prominently inphges of theAnnalen der
Physik Out of the nine theoretical papers concerning relativiigory published in
the Annalenthat year, ve made use of a four-dimensional approach tcspsy ei-
ther in terms of 4-vector operations, or by referring to gpace coordinates. Four
out of ve authors of “four-dimensional” papers cited Minkski's or Sommerfeld's
work; the fth referred to Max Laue's new relativity textbkq1911). This timely
and well-written little book went far in standardizing thegrninology and notation of
four-dimensional algebra, such that by January of 1912, Maraham preferred the
Sommerfeld-Laue notation to his own for the exposition &f thieory of gravitation
(1910; 1912a; 1912b).

While young theorists were quick to pick up on the Sommertedde calcu-
lus, textbook writers did not follow the trend. Of the fouxtigooks to appear on
relativity in 1913-1914, only the second edition of Laueok (1913) employed
this formalism. Ebenezer Cunningham presented a 4-dimealsapproach based
on Minkowski's work, but explicitly rejected Sommerfeld'guasi-geometrical lan-
guage”, which con icted with his own purely algebraic pretgion (1914, 99). A
third textbook by Ludwik Silberstein (1914), a former statlef Planck, gave pref-
erence to a quaternionic presentation, while the fourthiylby B. Weinstein (1913),
opted for Cartesian coordinates. Curiously enough, Weinstedicated his work to
the memory of Minkowski. Apparently disturbed by this pregeon of delity, Max
Born, who had brie y served as Minkowski's assistant, deptbthe form of Wein-
stein's approach to relativity:

[Minkowski] put perhaps just as much value on his preseortedis on its
content. For this reason, | do not believe that entrancesd@mceptual
world is facilitated when it is overwhelmed by an enormoudesti of
formulas 130

By this time, Born himself had dropped Minkowski's formatisn favor of the Som-
merfeld-Laue approach, such that the target of his cnticAsas Weinstein's disregard
for 4-dimensional methods in general, and not the neglektiokowski's matrix cal-
culus**! What Born was pointing out here was that it had become highpyractical

130. “[Minkowski] hat auf seine Darstellung vielleicht ets® viel Wert gelegt, wie auf ihren Inhalt.
Darum glaube ich nicht, daf’ der Zugang zu seiner Gedankeevlkeichtert wird, wenn sie von einer
ungeheuren [sic] Fille von Formeln Gberschittet wird” @91

131. By the end of 1911 Born had already acknowledged thapitteits “formal simplicity and
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to study the theory of relativity without recourse to a 4-dmsional formalism. This
may explain why Laue's was the only one of the four textbooks@ativity to be
reedited, reaching a sixth edition in 1955.

In summary, the language developed by Sommerfeld for theesgmn of the
laws of gravitation of Poincaré and Minkowski endured, wttthe laws themselves
remained tentative at best. This much was clear as early B3, 1¢hen Jun Ishi-
wara reported from Japan on the state of relativity theohis Theory, Ishiwara felt,
had shed no light on the problem of gravitation, with a singteeption: Minkow-
ski and Sommerfeld's “formal mathematical treatment” (29488). The trend from
Poincaré to Sommerfeld was one of increasing reliance ondbtechniques catering
to Lorentz-invariance; in the space of ve years, the phgiseontent of the laws of
gravitation remained stable, while their formal garb eedl¥rom Cartesian to hyper-
Minkowskian.

4 Conclusion: On the emergence of the four-dimen-
sional view

After a century-long process of accommodation to the usertgdr calculus and
spacetime diagrams for analysis of physical interactihresmmathematical dif culties
encountered by the pioneers of 4-dimensional physics atttb@ome to terms with.
Not only is the oft-encountered image of at-spacetime pbyss a trivial conse-
guence of Einstein's special theory of relativity and F&igin's geometry consistent
with such accommodation, it re ects Minkowski's own chaterization of the back-
ground of the four-dimensional approach (cf. p. 24). Howethes description ought
not be taken at face value, being better understood as aidafoloy designed to in-
duce mathematicians to enter the nascent eld of relato/stysics (Walter, 1999a).
When the principle of relativity was formulated in 1905, B¥er one as adept as Henri
Poincaré in the application of group methods, the path taiedimensional language
for physics appeared strewn with obstacles. Much as Pa@riead predicted (above,
p. 16), the construction of this language cost Minkowski&onthmerfeld considerable
pain and effort.

Clear-sighted as he proved to be in this regard, Poincaraatitbresee the emer-
gence of forces that would accelerate the construction espaisition of a four-dimen-
sional language. With hindsight, we can identify ve faddavoring the use and
development of a four-dimensional language for physicsveeh 1905 and 1910:
the elaboration of new concepts and de nitions, the intigiun of a graphic model
of spacetime, the experimental con rmation of relativibeory, the vector-symbolic
movement, and problem-solving performance.

In the beginning, the availability of workable four-dimémsal concepts and def-
initions regulated the analytic reach of a four-dimensi@mgroach to physics. Poin-
caré's discovery of the 4-vectors of velocity and force ia tourse of his elaboration
of Lorentz-invariant quantities, and Minkowski's initiadisreading of Poincaré's de -
nitions underline how unintuitive these notions appeaoduitn-of-the-century math-

greater generality compared to the tradition of vectorahtion,” Minkowski's calculus was “unable
to hold its ground in mathematical physics” (1912, 175).
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ematicians. The lack of a 4-velocity de nition visibly hiatced Minkowski's elabora-
tion of spacetime mechanics and theory of gravitation. i¢markable that even after
Minkowski presented the notions of proper time, worldlirest-mass density, and the
energy-momentum tensor, putting the spacetime electeodigs and mechanics on
the same four-dimensional footing, his approach failecbtovace physicists. Never-
theless, all of these discoveries extended the reach obthvedimensional approach,
in the end making it a viable candidate for the theorist'dliog.

Next, Minkowski's visually-intuitive spacetime diagranaged a decisive role in
the emergence of the four-dimensional view. While the sjpmeediagram re ects
some of the concepts mentioned above, its utility as a cwgrtiol exceeded by far
that of the sum of its parts. In Minkowski's hands, the spmcetdiagram was more
than a tool, it was a model used to present both of his lawsadigtion. Beyond their
practical function in problem-solving, spacetime diagsafavored the diffusion in
wider circles of both the theory of relativity and the fouragnsional view of this the-
ory, in particular among non-mathematicians, by providingsually intuitive means
of grasping certain consequences of the theory of relgtisitch as time dilation and
Lorentz contraction. Minkowski's graphic model of spao®ti thus enhanced both
formal and intuitive approaches to special relativity.

In the third place, the ultimate success of the four-dimamai view hinged on
the empirical adequacy of the theory of relativity. It is emkable that the conceptual
groundwork, and much of the formal elaboration of the foumehsional view was
accomplished during a time when the theory of relativity \ess well corroborated
by experiment than its rivals. The reversal of this situatiofavor of relativity theory
in late 1908 favored the reception of the existing four-disienal methods, and pro-
vided new impetus both for their application and extensang for the development
of alternatives, such as that of Sommerfeld.

The fourth major factor in uencing the elaboration of a fedimensional view of
physics was the vector-symbolic movement in physics andhemaatics at the turn of
the twentieth century (McCormmach, 1976, xxxi). The pgvaats in this movement,
in which Sommerfeld was a leading gure, believed in the @by of vector-symbolic
methods in physics and geometry, and sought to unify théx@iatof notations em-
ployed by various writers. The movement's strength varredhifcountry to country; it
was largely ignored in France, for example, in favor of therdmate-based notation
favored by Poincaré and others. Poincaré's pronouncedtdisist in the application
and development of a four-dimensional calculus for physigs typical of contempo-
rary French attitudes toward vector-symbolic methods. ém@ny, on the other hand,
electrodynamicists learned Maxwell's theory from the BBO0s in terms of curh
and divE. In Zirich and Géttingen during this period, Minkowski ingtted students
—including Einstein — in the ways of the vector calculus. ikimPoincaré, Minkowski
was convinced that a four-dimensional language for physmsld be worth the ef-
fort spent on its elaboration, yet he ultimately abandomedvector-symbolic model
in favor of an elegant and sophisticated matrix calculusis Thoice was deplored
by physicists (including Einstein), and mooted by Sommnidi$econservative exten-
sion of the standard vector formalism into an immediatelcessful 4-vector algebra
and analysis. In sum, the vector-symbolic movement funetibalternatively as an
accelerator of the elaboration of four-dimensional cal@xisting systems served as



S. Walter 49

templates), and as a regulator (penalizing Minkowski'd@etgpf standard vector op-
erations).

The fth and nal parameter affecting the emergence of therfdimensional view
of physics was problem-solving performance. From the siaimd of ease of calcu-
lation, any four-dimensional vector formalism at all congzhwell to a Cartesian-
coordinate approach, as Weinstein's textbook demonstrte advantage of ordinary
vector methods over Cartesian coordinates was less proadurAs we have seen,
Poincaré applied his approach to the problem of constryetiborentz-invariant law
of gravitational attraction, and was followed in turn by Mawski and Sommerfeld,
both of whom also provided examples of problem-solving. iue of the clarity
and order of Sommerfeld's detailed, coordinate-free campa of the laws of grav-
itation of Poincaré and Minkowski, his 4-vector algebraesmed to be the superior
four-dimensional approach, just when physicists and nma#ttieians were turning to
relativity in greater numbers.
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Table 1 — Lorentz-invariant laws of gravitation, 1906—1910

Poincaré (19063 Minkowski (1908)° Sommerfeld (19109
X kl A
X. D —
Y7 koB3 ko B3C
1 3 k. BS . OA0 3 .BoB/R .BoR/B
koB KoB2C  m — BD" mmyc3 =2 0
2. D z ﬁ A B'D .RB/3.ByB/
17 koB3  'koB3C
. D r k]_ A
1Y koB3 koB3C
0 0
Xng E
Y. D 0 0 mm. P B K mmC.BOB/R .BoR/B
Dgs g MR T ; RE /?
0 0
Zng E

aMass terms are neglected, such that the right-hand sidecofeguation is implicitly multiplied by
the product of the two masses. When both sides of the fourtieqsaare multiplied by the factds,
they express components of a 4qvecgr.,xl; Y1;Z1;iT1/. The constantky andk; are de ned as:

koD 1= 1 o 2 andk; D |13: 1 f A, B,PandC denote the last three Lorentz-invariants
P P
in(1): AD ptl & =, B D XL CD +—¢p Lo where and ; designate the

1 2] EET T

ordinary velocities of the passive and active mass poinits, gomponents, , ,and 1, 1, 1. The
timet is set equal to the negaﬁgi\ﬁ distance between the passivepoat and the retarded position
of the active mass point, D x2 D r. Poincaré's second law is shown in the bottom row;
he neglected tg,write the fourth compondnt determined from the rst three by the orthogonality

conditionT; D X7 . The new variables in the bottom row are:

D ki.xCr 1/; Dki.yCr 4f; D ky.zCr 1/;
OD k]_. 1Z 1y/, OD kl. 1X 12/; OD k]_. 1y X 1/:

bThe formula in the top row describes the rst three composefithe driving force; the fourth com-
ponent is obtained analytically. The constamtandm™ designate the passive and active proper mass,
respectively, while the remaining letters stand for spatepoints, as reconstructed in Figure 1 (p. 32).
The formulain the bottom row represents the driving forcgrafvitation as described, but not formally
expressed, in Minkowski (1909). The constamtandm; designate the active and passive proper mass,
£ andB are 4-velocity components of the passive mass,the speed of light and is a 4-vector, for

the de nition of which see note 111.

“The constants, andm designate the passive and active proper mass, respegtigelyotes the speed
of light, By andB represent the corresponding 4-velocities, &dtands for the lightlike interval
between the mass points.
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